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Abstract

For a Dirichlet form (£, F) on L?(E;m), let G(€) = {X,;u € F.} be the Gaussian field
indexed by the extended Dirichlet space F.. We first solve the equilibrium problem for a regular
recurrent Dirichlet form &£ of finding for a closed set B a probability measure i concentrated
on B whose recurrent potential Ru® € F, is constant q.e. on B (called a Robin constant). We
next assume that E is the complex plane C and & is a regular recurrent strongly local Dirichlet
form. For the closed disk B(x,r) = {z € C: |z —x| <7}, let 4" and f(x,r) be its equilibrium
measure and Robin constant. Denote the Gaussian random variable X g, € G(£) by Y*" and
let, for a given constant v > 0, p,(A,w) = [, exp(vY*" — (1/2)y*f(x,r))dx. Under a certain
condition on the growth rate of f(x,r), we prove the convergence in probability of u,.(A,w) to a
random measure i(A,w) as r | 0. The possible range of v to admit a non-trivial limit will then
be examined in the cases that (£.F) equals (D¢, H*(C)) and (a, H*(C)), where a corresponds
to the uniformly elliptic partial differential operator of divergence form.

Keywords: Gaussian field, Dirichlet form, Equilibrium potential, Gaussian multiplicative
chaos.
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1 Introduction

Let E be a locally compact separable metric space, m a positive Radon measure on F with full
support and & a regular Dirichlet form on L?(E;m). (F., &) denotes the extended Dirichlet space of
F. There are two stochastic objects associated with £. One is an m-symmetric Markov process M =
({Xt}>0, {Ps }zer) on E possessing nice properties called a Hunt process whose transition function
{P;;t > 0} generates the strongly continuous contraction semigroup on L%(E;m) associated with &.
Another is the centered Gaussian field G(€) = {X,; u € F.} indexed by F. defined on a probability
space (2, B,P) with covariance E[X, X,] = £(u,v), u,v € F.. We like to study the structures and
the properties of the Gaussian field G(&) by developing and using the probabilistic potential theory
for the regular Dirichlet form £ formulated in terms of the Hunt process M.

Under the condition that £ is transient, the potential theory for £ as well as its probabilistic
counterpart had been well developed by [BD, De, Si, F1] when M. Rockner [R] utilized this theory to
establish the equivalence between the Markov property of the Gaussian field G(£) and the locality
of the Dirichlet form £. See Theorem 2.3 below and [MG]. In a recent paper [FO] by the present
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authors, such an equivalence is extended to irreducible recurrent Dirichlet forms £ by making use
of a newly introduced notion of recurrent potentials Ru € F. of finite signed measures y on E
relative to an arbitrarily chosen admissible (compact) set F' C E. In subsection 2.3 of the present
paper, we shall also present an alternative proof of a part of [FO, Th.4.4] by means of reduction
arguments to transient cases.

The primary purposes of the present paper are twofold. The first purpose is to develop in
Section 3 the probabilistic potential theory of the regular Dirichlet form &£ further by solving the
equilibrium problem for recurrent Dirichlet form £ an electrostatic problem to find, for a set B C F,
a probability measure p” concentrated on B whose potential Ru? equals a constant (called the
Robin constant) q.e. on B.

The second purpose concerns the special case that the underlying space E of the form & is
the complex plane C or its subdomain, and we adopt in Section 4 the equilibrium measures ;2
and its potential Ru® in constructing the Gaussian multiplicative chaos (GMC) a random measure
on FE created by exponentiating the Gaussian field G(E). Recently GMCs have been investigated
intensively in the context of the Gaussian free field (GFF) related to mathematical physics under
the name Liouville (quantum gravity) measure (cf. [K, DS, RV, Sh, B]).

The equilibrium problem for the logarithmic potential Up(x) = % Jclog Flylu(dY)’ x € C,
on C was solved by De La Valée Poussin [VP, §2] for any non-polar bounded closed set B C C
by finding a unique measure 4 minimizing the logarithmic energy (u, Up) among all probability
measures p concentrated on B. Its probabilistic refinement was later presented in the book [PS]
by S.C.Port and C.J.Stone published in 1978 along with the identification of ? with the hitting
distribution of the planar Brownian motion (X, P;) from infinity to B:

pB(C) = lim Py(X,, €C), op=inf{t >0:X;€ B}, C € B(C).

|x|—o00

When B is the closure of the open disk B(r) = {y € C : |y| < r}, u? is simply the uniform

probability measure on dB(r), while UpB(y) = L log |y\1vw y € C, so that the logarithmic energy

o

(uB,UpP) = % log% is negative for r > 1 and the Dirichlet integral of Uu® diverges. In this sense,
a direct use of the logarithmic potential of a positive finite measure is inconvenient for our purpose.
See [F2, §5.2] and subsection 2.4 (IIT) below for one way out of such a trouble.

Since then, no substatial progress seems to have been made about the equilibrium problem for
continuous time recurrent Markov processes except for the paper [O]. In Section 3, we incorporate
the idea in this paper into a general setting of a regular recurrent Dirichlet form £ on L?(E;m)
under certain conditions on the resolvent of the associated Hunt process Ml = (Xy,[P,) on E in the
following manner. For an arbitrarily fixed admissible set F' C E, let {Ru : u € Mo} be the family
of recurrent potentials relative to F' defined in §2.3. For any A € B(F) with m(A) > 0, let B be
the quasi-support of 14 - m. (B = A whenever A is open and every point of A is regular for A).

Then
1

B -

Piom(Xep € C), Ce€B(E)
is the unique probability measure in M, concentrated on B such that its recurrent potential Ru®”
relative to F' takes a constant value ¢(B) = m(F)~2(1p, RP\P1),, q.e. on B, where RF\B denotes
the 0-order resolvent of the part of M on E'\ B. Furthermore, 1B is the unique measure minimizing
E(Rp, Ru) = (u, Rp) among all probability measures u € My concentrated on B and the minimum
value equals the Robin constant ¢(B).

When E is a bounded domain D C C and (£, F) is the transient Dirichlet form (3D p, H} (D)) on
L?(D) associated with the absorbing Brownian motion (ABM) on D, B. Duplantier and S. Sheffield



[DS] employed the uniform probability measure on the shrinking circle and the corresponding
Gaussian random variable in G(€) to construct a Liouville random measure. Sheffield [Sh] also
suggests analogous constructions in the cases of the recurrent Dirichlet forms (§D¢, H'(C)) and
(%DH,H L(H)) associated with the BM on C and the reflecting BM on the upper-half plane H,
respectively. In Section 4, we shall construct GMCs in more general planar cases by means of
the equilibrium measure and the Robin constant in place of the uniform probability measure and
the variance of the corresponding Gaussian random variable, respecively. There have been several
methods used in constructing GMCs in transient cases. Among them, the method due to N.
Berestycki [B] based on the Cameron-Martin formulae for the Gaussian field (see subsection 2.4)
works in recurrent cases as well, and we shall invoke it in our construction.

More specifically, we consider in section 4 a regular recurrent strongly local Dirichlet form
(€,F) on L?(C,dx) with the associated diffusion M on C satisfying certain conditions including
a Gaussian bound of the transition function. We fix an arbitrary S > 2, choose the annulus
F = B(S+ 1)\ B(S) as an admissible set and consider the family { Ry € Fe;pu € My} of recurrent
potentials relative to F. For each disk B(x,¢) ={y € C: |[y—x| < e} withx € B(S—1), € € (0,1),
denote by ¢ € My and f(x,¢) the equilibrium measure and the Robin constant for the set B(x, )
relative to F', respectively.

Take any measure o on B(S — 1) absolutely continuous with respect to the Lebesgue measure
with a strictly positive bounded density. Let G(E) = {X,, : u € F.} be the centered Gaussian field
defined on a probability space (§2, B,[P) with covariance E[X, X,| = £(u,v) and let Y = Xpx-.
For a fixed v > 0, we put

2
pe(A,w) = /Aexp ['yYX’E - %f(x,a) o(dx), AeB(B(S-1)). (1.1)

Under certain condition on the growth rate of the Robin constant f(x,e) as € | 0, we derive the
convergence in probability of the random measure p(-,w) as € | 0 to a non-degenerate random
measure fi(-,w) on B(S — 1) relative to a metric p on the space of all finite positive measures on
B(S — 1) compatible with the weak convergence (Theorem 4.13). We call fi(-,w) the Gaussian
multiplicative chaos (GMC) on B(S — 1) for the given Dirichlet form (&, F).

In section 5, we examine the possible range of the parameter v > 0 to ensure the above
mentioned convergence to a non-degenerate random measure in three examples where (£, F) equals

(1D¢, HY(C)), (3D, H'(H)) and (a, H(C)). Here the form a is defined by

2
a(u,v) = Z /Caij(x) 8;5;() 8gg(cj)dx (1.2)

ij=1

with measurable coefficients a;;(x), x € C, satisfying

2
aij(x) = aj(x), 1<4,5 <2, AP <) a(x)68 < A|EP, € €R?, x€C, (1.3)

,j=1

for some constants 0 < A < A. In the first and second examples, the possible range of «y is shown to
be equal to (0,2y/7). In the third example with a;; € C*(C), 1 <i,j < 2, it is shown to be equal

to (0, 2 2%@‘5;), which reduces to (0,2y/7) when a;;(x) = 36;; as in the first example.
In subsecton 6.1, we consider a general regular transient strongly local Dirichlet form (€, F) on
L?(D,dx) for a domain D C C and make an analogous consideration to section 4 in constructing

the associated GMC 7i(-,w) on a bounded subdomain Dy of D by means of a counterpart of (1.1).




The possible range of v in the case that (€, F) = (3Dp, Hi(D)) for a bounded domain D C C is
also shown to be equal to (0,24/7). In subsection 6.2, we further study in this case transformations
of GMC by conformal maps of the domain D based on the conformal invariance of renormalized
equilibrium potentials.

The systematic study of multiplicative chaos for Gaussian fields was initiated by J.-P. Kahane
[K]. Specifically, given a kernel K (z,y) with a logarithmic singularity on diagonal, the associated
random measure was constructed in [K]| using an approximation of K by sums of non-singular
positive definite kernels, which is well applicable to massive GFF’s. For massless GFF’s, alternative
approximations of K by its convolutions with mollifiers or measures of shrinking supports have been
successfully utilized ([RV], [B]).

We start with a Dirichlet form (€, F) instead of a kernel K and construct the associated ran-
dom measure by using directly the well defined equilibrium measures with shrinking supports. In
transient cases like (D p, H} (D)) for a bounded domain D C C, the Green function plays the role
of the above mentioned kernel K, while, in recurrent cases like (D¢, H!(C)), no Green function is
available. But see [F2, §5.2] where yet another way of constructing a random measure is indicated.

We conjecture that the right endpoint of the possible range of v examined in Section 5 and
Exampe 6.3 is the critical value in the sense that the random measure i degenerates for that value
of .

2 Basic properties of Gaussian field G(&)

In this section, we discuss two basic properties of G(€); the Markov property and the Cameron-
Martin formula. But the first one will not be used in the rest of this paper.

2.1 A pseudo Markov property of G(&)

According to [Do] or [I], we have the following: given a set A equipped with C'(A\, u) € R, A\, u € A,
such that C(\, ) = C(u, A) and {C(A\;, Aj)} is non-negative definite for any finite {\;} C A, there
exists uniquely Gaussian distributed random variables G(A) = {X; A € A} defined on a probability
space ({2, B,P) with

E[X)\ ) XM] = C(Auu’)v E[X)\] =0, VAue€A,

whose finite linear combinations are Gaussian. G(A) is called the Gaussian system with index set
A. When A is an Euclidean space R? (resp. a function space), we may call G(A) a Gaussian process
(resp. Gaussian field).

We recall that, in the study of the Markov property of Gaussian processes, the following useful
notion and criterion were presented in H.P. McKean [M] and L.D. Pitt [P, Lem.2.1, Lem.2.2],
respectively: for sub g-algebras F, G, ¥ of B, X is said to be a splitting o-algebra for F and G if

P(AN B|E) = P(AD) - P(B|D), VAeF, VBeG. (2.1)

If F=0(X)x,A€ A1) and G = o(X), A € Ag) for A1, Ay C A and if ¥ C F, then (2.1) is equivalent
to the condition that
U{E[X)\ | ]:]7 AE AQ} c X. (2.2)

We may think of F (resp. G) as the future (resp. past) events. As is well known, (2.1) is also
equivalent to the condition that P(B | G) = P(B | ¥), for any B € F.

Throughout this paper, we are concerned with the Gaussian field with index set being a general
extended Dirichlet space. Once for all, let FE be a locally compact separable metric space, m an
everywhere dense positive Radon measure on E and (£, F) a Dirichlet form on L?(E;m).



Let F. be the collection of all m-measurable functions u on E such that |u| < co m-a.e. and
there exists an £-Cauchy sequence u,, € F, n > 1, with lim, . u, = u m-a.e. £ then extends
from F to F. as a non-negative symmetric bilinear form. (F, &) is called the extended Dirichlet
space of the Dirichlet form (€, F) ([Si, FOT]). Let G(E) = {X, : u € F.} be the Gaussian field
defined on a probability space (€2, B,P) indexed by the functions of the space F. and possessing
the covariance E[X,X,| = E(u,v), u,v € Fe.

We now assume that the Dirichlet form (£.F) is regular. A function u € F, is called E-harmonic
on an open set G C E if E(u,v) = 0 for any v € F N C.(F) with supp[v] C G, where C.(E) is
the family of continuous functions on E with compact support. Following A.Beurling and J.Deny
[BD], the complement of the largest open set where u is harmonic will be called the spectrum of
u and denoted by s(u). See [De, p 166] and [FOT, p 99]. For any set A C E, we define the sub
o-algebra o(A) of B by

o(A)=0{X,: uveF., s(u)CA} (2.3)
For any closed set B C E, let F, g\ p be a linear subspace of F. defined by
Fep\B ={u € Fe:u=0q.e. on B}, (2.4)

where u denotes a quasi-continuous version of u. By [FOT; Theorem 2.3.3], s(u) C B if and only if
S(U, U) =0, Yv € Jre,E\B' (25)

Let M = (X, P;) be the Hunt process on E associated with the regular Dirichlet form (€, F).
B(E) will denote the totality of Borel subsets of E. For any B € B(E), the hitting distribution
Hp(z,-) of M = (X4, P,) for B is defined by Hgf(z) = E.[f(Xsp)], ® € E, for any bounded Borel
functions f on E where op = inf{t > 0 : X; € B}. In view of [FOT, Th.4.6.5] or [CF, Th.3.4.8],
it holds for any closed set B and any u € F, that Hplu|(z) < oo for q.e. © € E and Hpu is a
quasi-continuous element of F, satisfying (2.5). Hence

s(Hpu) C B, for any closed set B C E and for any u € Fe. (2.6)

Lemma 2.1 The Gaussian field G(E) = {X, : u € F.} enjoys the following property: For any
closed set B C E and any u € Fg,

Xu—mgzu Is independent of o (B), (2.7)

and

E[X, | o(B)] = Xuya. (28)
Proof. Take any v € F. with s(v) C B. Since u — Hpu € F, p\p, £(u — Hpt,v) = 0 by (2.5).
Hence E [(Xy, — Xpga)Xy] = 0 so that (2.7) holds as all random variables involved are centered
Gaussian. Consequently E [X, — Xp,5|0(B)] = E [Xu — Xg,a] = 0, and so (2.8) is valid by (2.6).
a

(2.8) is a fundamental identity of the Gaussian field G(E). It follows from (2.8) and the criterion
(2.2) that, for any set A C E,

o{Xp . u € Fe, s(u) C E\ A} is a splitting o-algebra for o(E'\ A) and a(A). (2.9)

We may call (2.9) a pseudo Markov property of the Gaussian field G(E).
The Gaussian field G(&) is said to possess the Markov property with respect to a set A C E if

o(0A) is a splitting o-algebra for o(E \ A) and o(A). (2.10)

We say that G(€) has the Markov property if it possesses the Markov property with respect to any
subset A of E.



2.2 Characterization of Markov property of G(£) for transient &

Let us assume that the regular Dirichlet form £ is transient, or equivalently, that there exists a
bounded m-integrable function h strictly positive m-a.e. on E sstisfying

(lul],h) < /E(u,u) for any u € F. (2.11)

This inequality is extended to any u € F. and F, becomes a real Hilbert space with inner product
€. The function h in (2.11) is called a reference function (cf. [FOT, Th.1.5.1]).

A positive Radon measure p on E is called a measure of finite 0-order energy and we write as
uwE S(()O) if there exists a positive constant C' such that

(lul, ) < Cy/E(u,u) for all u e FNC(E). (2.12)

Welet My ={p=vi—wv:y € S(()O), i =1,2}. Any pu € My then admits a unique function
Up € Fe satisfying the Poisson equation

EUp,u) = (u,u) for any u € Fe. (2.13)

Up is called the potential of the measure p € Mg. For a Borel set B C E and a signed Radon
meausre i on F, define

pup(A) :/ p(de)Hp(x, A), YA€ B(E). (2.14)
E
Lemma 2.2 (i) For any closed set B C E and for any p € My, up € My and

Hp(Up) = Upg. (2.15)

(il) s(Up) = supp(|p|) for p € Mo.
(iii) (Spectral synthesis) For any u € Fe, there exists a sequence pu, € My, n > 1, such that
supp[|pn|] € s(u), n > 1, and Up, is E-convergent to u.

Proof. (i). The map u +— Hpu defines a projection from F, to the orthogonal complement of
Fe,p\B- Hence

(up,v) = (. Hpv) = E(Up, Hpv) = E(HpUp,v), p € Mo, ve FNCu(E),

and (ug,|v]) <4/ M,U,u VE(,v), ue SO , v € FNC.(F), from which the assertions follow.

(ii). The space C(S) of continuous functlons on a locally compact Hausdorff space S vanishing at
infinity admits as its dual space the space of finite signed measures on S normed by their total
variations. (ii) follows from this and the Poisson equation (2.13) holding for u € F. N C.(F) with
supp|u| C Ey for each relatively compact open set Ey C E. .

(iii). Since vh - m € M for the reference function h and for any v € C.(E), (2.13) also implies
that, for any u € F., there exists a sequence {Uv, : v, € My} which is E-convergent to wu.
Let p, = (vn)B, n > 1, for B = s(u). Then s(Uu,) C B by (ii) and {Uu,} is E-convergent to
Hpu as n — oo by (2.15). Since £(u — Hpu,v) = 0 for any v € F, p\p by (2.5) and (2.6) and
u— Hpu € F, p\p, we get Hpti = u by the transience of £. |

Lemma 2.2 (iii) is a 0-order version of [FOT, Th. 2.3.2]. We like to take this opportunity to
mention that the phrase ‘€;-convergent limit’ on the 6-th line in the proof of this theorem of [FOT]
is better to be replaced by ‘€,-weakly convergent limit’. A regular Dirichlet form £ is said to be
local if £(u,v) = 0 whenever u,v € F and supp|u - m] and supp[v - m| are disjoint compact set.
The following theorem was established by M. Rockner [R]. We give its straightforward proof for
completeness.



Theorem 2.3 Suppose & is transient. Then the Gaussian field G(E) enjoys the Markov property
if and only if the form & is local.

Proof. In view of (2.2) and (2.8), G(€) has the Markov property if and only if, for any A C FE,
o(Xpa:u€ Fe, s(u) CE\A) C o(0A). (2.16)

Assume that £ is local. Then the Hunt process M associated with £ is of continuous sample
paths (cf. [FOT, Th.4.5.1]). Therefore the balayage p7 of u € Mo with supp(|u|) C £\ A has the
support concentrated on A so that, by Lemma 2.2 (i), (ii), s(HzUp) = supp(|p4|) C 0A.

On account of the spectral synthesis Lemma 2.2 (iii), there exists for any u € F, with s(u) C
E\ A a sequence pu, € My, n > 1, such that supp[|u,|] € E\ 4, n > 1, and Up, is E-convergent
to u. Then s(HzUpyn) C 0A and HzU p, is E-convergent to Hzu as n — 0o so that s(Hzu) C 0A,
yielding the Markov property (2.16) of G(&).

Conversely assume that G(€) satisfies the Markov property (2.16). Let G C E be an open set
and u be any function in F, with s(u) C £\ G. Then Xpy_z € 0(9G). Now take any open subset

A of G with A C G and let B = G\ A. Then o(G) D (B) D 0(9G). As Xpa = E[X,|o(G)] by
(2.8), this means that Xy_gz = E[Xu’O'(E)] = Xy and hence

E[(Xp_a — XHE;L)Z] =0, thatis, & (Hgu— Hgu, Hgu— Hzu) = 0.

and so Hzu = Hzu.

By virtue of Lemma 2.2 (i), (ii) and the equation (2.13), we have, for any p € M, with
supp(|p|) € E\ G, (ug, f) = (ug, f) for any f € F N C.(F). In particular, if the support of f is
contained in A, then (ug, f) = 0 so that

(1, Hgf) =0 for any u € My with supp||u|] C E'\ G.

This implies that Hgzf = 0 q.e. on E'\ G, and consequently Hz(z,-) is concentrated on B for
q.e.x € E\G. Since this holds for any open subset A of G such that A C G, Hg(, -) is concentrated
on JG for q.e.x € E'\ G. Then the local property of £ follows from [FOT, Lem.4.5.1]. O

2.3 Characterization of Markov property of G(€) for recurrent £

Let us assume that the regular Dirichlet form £ is irreducible recurrent. In particular, the constant
function 1 is in F. and £(1,1) = 0.

We make an additional assumption that the transition function {P;;t > 0} of the associated
Hunt process M satisfies the following absolute continuity condition:

(AC) there exists a certain Borel properly exceptional set N C E such that
P,(z,-) is absolutely continuous with resepct to m for each ¢ > 0 and x € E'\ N,
This condition is much milder than the one admitting no exceptional set N. For instance, it is
fulfilled when the form & satisfies a Sobolev type inequality (cf. [FOT, Th.2.7]).
Under the assumption (AC), the resolvent kernel {R,,a > 0} of M admits a density function
ro(z,y), T,y € E\N, with respect to m such that it is strictly positive, symmetric Borel measurable,

a-excessive relative to M in each variable, and it satisfies the resolvent equation. A set F' C E\ N
is called an admissible set if

{F is compact, m(F) >0 and for some ¢ >0 and % <a<l, (2.17)

m({y € F:ri(z,y) >c}) >am(F) forevery z € F.
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It has been shown by [FO, Lem.3.1] that, for any Borel set B C E'\ N with m(B) > 0, there exists
an admissible set F' contained in B. For a fixed admissible set F', we denote its indicator function
1r by g and consider the perturbed form

E9(u,v) = E(u,v) +/ wvgdm, u,v € F9=FNL*(E;g-m),
E
which is a regular transient Dirichlet form on L?(E;m). Its extended Dirichlet space F¢ equals

Fe N L*(E;g - m). Let Sg’(o) be the space of positive Radon measures on E with finite O-order
energy relative to the form £9. Define

My = {u =1 — U2 : i € Sg’(o),y,,;(E) < 00,1 = 1,2}, Moo = {u e My : ,U,(E) = 0}. (2.18)
By virtue of [FO, Th.3.5], there exists for any u € Mj a quasi continuous function Ry € F¢
uniquely up to q.e. equivalence such that

E(R,u,u):<,u,ﬂ— 1)<g~m,u>> Vue FJ, and (g-m,Ru)=0. (2.19)

m(F
The first equation in the above determines Ru € F¢ up to an additive constant (see (H) below),
while the second identity is its normalization. In particular, we have the symmetry

(u, Rv) = (Ru,v)(= E(Ru, Rv)), p,ve My. (2.20)

We call {Ru : € Mo} the family of recurrent potentials relative to an admissible set F'.
Contrarily to the transient case, the class Mg of measures and potentials Ru, u € My, depend

on the choice of an admissible set F', making relevent arguments more involved.

But the first equation in (2.19) has enabled us to derive in [FOT, Cor.4.8.2] and [FO, Th.3.7] a nice

property of £ that the quotient space F, of F, by the space of constant functions is a real Hilbert

space with inner product £.

Theorem 2.4 (1) Suppose that € is an irreducible recurrent regular Dirichlet form satisfying the
condition (AC). If £ is local, then G(E) has the Markov property with respect to any open set.

(2) Suppose that £ is an irreducible recurrent regular Dirichlet form. If G(E) has the Markov
property with respect to any open set, then £ is local.

Remark 2.5 The first statement (1) of Theorem 2.4 has been proved in [FO, Th.4.4] by using
some detailed properties of recurrent potentials { Ru} specified in the above.

The second statement (2) of Theorem 2.4 has been asserted also in [FO, Th.4.4] under the
assumption (AC) for £&. We now give its proof without assuming (AC) by using a reduction
argument to Theorem 2.3 for transient cases.

We would like to take this opportunity to mention that the proof of the implication (ii) = (iii)
of [FO, Th.4.4] contains a flaw: the space My of measures there should be replaced by Mgy and
hence that proof works only under the additional condition that ‘for any open set G C E with
m(E\ G) > 0, 0G is of positive capacity’.

Theorem 2.4 (2) will be proved by using the following lemma.

Assume that the regular Dirichlet form £ is irreducnible recurrent. Let Ey be any open subset
of E with m(E \ Ep) > 0 and £ be the part of £ on the set Ej.

The Gaussian field G(£©) associated with £ is the sub-field of G(&) obtained just by the
restriction of the index set F. to F¢ g, .



Lemma 2.6 If G(&) has the Markov property with respect to any open set, then so does G(£(0).
Proof. Put E\ Ey = By. For A C Ey, define
o(A) ={X,:ueF., s(u)yc A}, o D(A)={X,:ue Fop, s c A}

Take any open set G C Ey with B =G C Ey and any u € F, g, with sO(u) c Ey\ G.
By (2.8), E[Xu|0(BUBo)] = Xy a-

Define Hg))f(a:) =E.[f(Xop);08 < 0p,]. Since u =0 q.e. on By,

Hpuii(@) = Bx [i(Xopp,)| = Eo [#(Xopns,)| = Hy (@)

and so
E[X,|o(BUBy)] = X 0. (2.21)
B
As 3(0)(Hg])ﬂ) C B, X, ;€ o) (B). Hence we get from (2.21),
B u
E[X,|c©(B)] = X (2.22)

HOw

By the Markov property of G(£) and (2.21), X0 € 0(0B U 0Bj). This means that s(Hg))ﬂ) C
B u

0B U 0By, namely, E(Hg))ﬁ, ) = 0 for any ¢ € F N C.(E) with supp[¢] C E \ (0B U JBy). In
particular, () (Hg))ﬂ) C 9B so that X ) C a0 (dB).
B

Therefore, (2.22) implies the Markov property of G(EY) relative to G for the part £° of £ on
Ep. g

Proof of Theorem 2.4 (2). Assume that G(£) has the Markov property with respect to any open
set. For any open set Ey C E with m(E \ Ep) > 0, the part £ of € on Ej is a transient Dirichlet
form and the associated Gaussian field G(& (0)) enjoys the Markov property with resepct to any
open subset of Ey by Lemma 2.7. By the proof of the ‘only if’ part of Theorem 2.3, the form &
is local.

Take two open sets E(i) C E, i =1,2, such that, B; = E'\ Eé, 1= 1,2, are compact, of positive
m measure and mutually disjoint. Choose € > 0 in such a way that the closures of e-neighborhoods
B; . of B; are disjoint. Since the parts of the form £ on Eé and Eg are local, we see from [FOT,
Lem.4.5.1, Th.4.5.1] that the sample path X; of the Hunt process M = (X;,P,) associated with &€
is almost surely continuous on [0, ] where ¢ = op, . V 03, € (0,00).

Define 09 =0, 01 =0, op,=o0p-1+000,, ,, n>1 Then

n—1
P, (X} is not continuous on [0,0,]) < » P, (X; is not continuous on [0k, 0k41])
k=0
n—1
= ZEm [}P’X% (X¢ is not continuous on [0, J])} =0, ze€k,
k=0

Hence the sample path of M is continuous a.s. on [0,0) where ¢ = limy, o0 0.

Suppose o < 0o, then oo = 0. On the other hand, due to the quasi-left continuity of the Hunt
process M, X5 € B1 .UBy, and so 0 oo > 0, a contradiction. Therefore M is a diffusion and hence
£ is local. O



2.4 Cameron-Martin formulae for G(&)

Theorem 2.7 Let (£, F) be a general (not necesarily reqular) Dirichlet form on L?(E;m) with the
extended Dirichlet space Fe and let G(E) = {Xy;u € Fe} be the Gaussian field defined on a probabil-
ity space (2, B,P) with covariance E[ X, X,| = E(u,v), u,v € Fe. Then, for any vy, ve, - , vy, € Fe,
any u € Fe and any bounded Borel function H on R™,

E[H(Xy + Eu,01), - Xop + E(,v0))] = e 2ZE@IE [XvH(X,,, -+, X,0)] - (2.23)

This Cameron-Martin formula can be readily proved by using the characteristic function. An-
other simple proof is being provided in the first half of “Alternative proof of Theorem 11.4.1”
of M.B.Marcus and J. Rosen [MR, p.518], which indeed works by assuming that u equals one of
{vi, 1 <i < n} (otherwise it suffices to add a new index v, 41 = u).

We now assume that £ is regular and derive from (2.23) those identities formulated in terms of
signed measures on E of finite energy in four cases separately.

(I) Transient case. In view of the Poisson equation (2.13), the map v € My — Uv € F. is
injective. For v € My, we write Xy, as Z, and regard {Z, : v € My} as a Gaussian field indexed
by M with covariance (u, Uv), p,v € Mo. {Z, : v € My} can be thus identified with a subfield
of G(&). The formula (2.23) is then rewritten as follows:

For any vi,v9,- -+ v, € Mg, any u € F. and any bounded Borel function H on R"

E[H(Zuy + (@01), -+, Zp + (T 00)] = € 25O [Xe H(Z,, -+, )] - (2.24)

(II) Irreducible recurrent case fulfilling condition (AC). In this case, choose any admissible
set F' and consider the family {Ru : p € My} of recurrent potentials relative to F. The spaces
My and My of measures are defined by (2.18). We write Xg, as Z, for v € My, In view of
the generalized Poisson equation (2.19), the map pu € Mgy — Ru € F2 C F. is injective so that
{Z, : v € Moo} can be identified with a Gaussian sub-field of G(£) and (2.24) holds true for Mg
in place of My.

The map p € Mo — Ru € F¢ C Fe is not injective. Nevertheless, we have from (2.20) and
(2.23) the following formula similar to (2.24): For any vq,va, -+ v, € My, any p € Mg and any
bounded Borel function H on R"

E[H(Z,, + (1, Rn), -, Zy, + (1, Rvy))] = e 2EWE [e?"H(Zyy,  , Z0,)] - (2.25)

(III) The case that (£,F) = (3D¢, H*(C)). This is the Dirichlet form on L?*(C) associated
with the planar Brownian motion. D¢ is the Dirichlet integral on C. F. is the Beppo Levi space
BL(C) = {u € L% (C) : |Vu| € L?*(C)}. G(&) satisfies the formula (2.23) for this choice of (F¢, £).

loc

Let /(./lo (C) be the space of compactly supported finite signed measures on C with finite
logarithmic energy and let ./()/loo (C) ={n E./\O/lo (C) : u(C) = 0}. The logarithmic potential Up
o 1
of p eMp (C) is defined by Up(x) = /log

T Jc

| |u(dy). By the Poisson equation in [F2,
X—-Yy

Th.2.6], p — Up defines an injective map from ,/\O/log (C) into BL(C). For p G/f/loo (C), we
write Xy, € G(E) as Z,. Then {Z, : p 6/(./100 (C)} is a Gaussian field indexed by /(./loo (C) with
covariance (u, UV, p,v € /\O/loo (C). This field is designated in [F2] as G(C), which can be identified

with a sub-field of G(£). The Cameron-Martin formula (2.24) holds for /()/100 (C), BL(C) and iD¢
in place of My, F. and &, respectively.
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(IV) The case that (£,F) = (:Dg, H'(R)). This is the Dirichlet form on L?(R) associated with
the standard Brownian motion on R. Dy is the Dirichlet integral on R. F¢ is the Cameron-Martin
space HX(R) = {u : absolutely continuous on R, Dg(u,u) < oo}. G(&) satisfies the formula (2.23)
for this choice of (F,&).

Let /\O/lo (R) be the space of compactly supported finite signed measures on R and let ,/\O/loo
(R) = {p 6/\0/10 (R) : u(R) = 0}. The linear potential Uy of u 6/(./10 (R) is defined by Up(x) =
- |x—y| p(dy), x € R. By the Poisson equation in [F2, Th.4.3], u — Up defines an injective map

R

from _/f/l()[) (R) into H}(R). For p E/G/loo (R), we write Xy, € G(E) as Z,. Then {Z, : p 6/{3/(00 (R)}

is a Gaussian field indexed by /{j/loo (R) with covariance (u,Uv), p,v 6/\0/100 (R). This field is
designated in [F2] as G(R), which can be identified with a sub-field of G(&).

The Cameron-Martin formula (2.24) holds for /f/[[)() (R), H}(R) and $Dg in place of My, F, and

&, respectively. In particular, if we take v, = (3, — &p)/v/2 G/\O/loo (R) for € R and write Z,,, as
By, then E[B, By] = & (|z|+|y|—|z—yl|) so that {B, : « € R} is the standard Brownian motion with
time parameter z € R ([F2, §5.3]). For any u € H!(R), the Gaussian random variable X, € G(&)

can then be expressed as the Wiener integral [ u'(x)dB, multiplied by 1/v/2. Hence, given any
R

T1,T9, T, € R, any u € H:(R) and any bounded Borel function H on R™, the identity (2.24)
for v,,,1 <1 < n, and v/2u in place of v;,1 <4 < n, and u, repectively, reads

E[H (B, + (u(z1) = u(0)), -+, Ba, + (u(zn) — u(0)))]

= ¢m2Dr(uw) g [exp ( / u'(m)dBm> H(B,,, -+ ,B)|, (2.26)
R

which is slightly more general than the original formula due to R.H.Cameron and W.T.Martin
[CM].

3 Equilibrium potentials for recurrent Dirichlet forms

In this section, except for the last part below Lemma 3.8, we assume that (£,F) is a regular
recurrent Dirichlet form on L?(E;m) and satisfies the absolute continuity condition (AC). We
further make the following assumptions on the resolvent {R,, o > 0} of the associated Hunt
process Ml = (X;,P,) on E:

(A.1) For any B € B(E) with m(B) > 0, Ry(xz,B) > 0 for all z € E,
(A.2) R,f is lower semi-continuous for any non-negative Borel function f on E.

Condition (A.1) implies the irreducibility of the Dirichlet form €.
For any bounded non-negative function w such that (m,w) > 0, consider the Dirichlet form
(€W, F) on L*(E;m) given by

EY(u,v) = E(u,v) + (U, V), u,v € F, (3.1)

which is regular transient and associated with the canonical subprocess M"* of M with respect to
the multiplicative functional e=4¢, ¢ > 0, for A; = fg w(Xs)ds, t > 0. Its extended Dirichlet space
F¥ coincides with F, N L?(E;w - m) and its resolvent RY f is expressed as

Ry f(z) = Eg [/OOO et A p(X)dt|, z€E.

11



Let F be an admissible set, namely, a set satisfying (2.17), and B be any Borel set with positive
m-measure. Their indicator functions 1p and 1p will be occasionally designated by g and h,
respectively. The above notions for w = g (resp. w = h) are denoted by &9, FZ, MY, R (resp.
Eh Fh oMM R, RY, RS are denoted by RY, R", respectively.

Lemma 3.1 (i) R"g is bounded on E. For any bounded Borel function f on E vanishing out-
side a compact set, RIf is also bounded on E and moreover RIf is an element of F¢ satisfying
EI(RIf,v) = (f,v) for any v € FZ.

(ii) It holds that

RI(h- R"g)(z) = R9g(z) — R"g(x) + R%(g - R"g)(x), for q.e. € E. (3.2)
The left hand side and the three terms of the right hand side are bounded functions in Fg.

Proof. (i). (A.1), (A.2) imply that inf,cx Roh(x) = ¢(K) > 0 for any compact set K C E, and
consequently
1

1
RMg(z) < ——R"Ryh(z) < ——R"R'h(z) <

1
U(K) 0(K) R'h(z) =, Vae€E. (3.3)

1
((K) UK)’
The same bound holds for g in place of h and the boundedness assertions in (i) follow.

In view of [CF, Th.2.1.12] or [FO, Prop.2.5 (ii)], we see that, for a non-negative Borel function
fon E, R¥f e F¥ if and only if (f, R f) < oo and in this case the Poisson equation E¥(RY f,v) =
(f,v), ve FP, is valid. In particular, the last assertion in (i) holds true.

(ii). First suppose B is compact. If we put u = R9(g+ g - R"g — h- R'g), then u € F¢ by virtue of
(i) and u satisfies the equation

E9(u,v) =(g+g-R'g—h-R'g,v), veFnNC.(E).
On the other hand, R"g € F' C F, so that R"g € F, N L*(E;g-m) = F¢ and
E9(R"g,v) = EM(R"g,v) + (R"g,v)(g—nym = (9 + gR"g — hR"g,v), v e FNCe(E).

Therfore u = R"g, m-a.e., namely, (3.2) holds m-a.e.

For a general B € B(FE) with m(B) > 0, we put B, = BNU,, h, = 1p,, for relatively
compact open sets {U, } increasing to E. Then (3.2) holds m-a.e. for hy, in place of h and we have
(R9v, hy R g) = (v, R9g — R"g + RI(g- R"ng)), ve FNCE).

By noting the bound (3.3) and that R»g decreases to R"g as n — oo, we let n — oo to get (3.2)
holding m-a.e. together with the final statement of (ii). Since both hand sides are quasi-continuous
by [FO, Prop.2.5 (ii)], we arrive at (3.2) holding q.e. O

Recall the Borel properly exceptional set N C E of M = (X;,[P,) appearing in the absolute
continuity condition (AC). For B € B(E \ N) of positive m-measure, we consider a quasi-support
B of the measure 15 -m, namely, the smallest quasi-closed set (up to the quasi-equivalence) outside
which this measure vanishes. It is quasi-equivalent to the support of the corresponding PCAF

t
Cy = / 15(Xs)ds, t > 0, of M|E\N ([CF, Th.5.2.1]), so that we can and will make a specific
0

choice of B:

B={z € E\N:P,(R=0)=1}, R(w)=inf{t>0:Cyw)>0}. (3.4)

12



B is a Borel subset of E\ N ([FO, §3.2]) and hence E\ N \ B is finely open Borel set by enlarging

the Borel properly exceptional set N of M if necessary. We denote by R”\E the 0-order resolvent
kernel of the part process of M‘ B\ Ol this set.

In what follows, we fix an admissible set F' C E\ N and let {Ru, p € Mo} be the family of
recurrent potentials relative to F'.

Given a Borel set B C E'\ N with positive m-measure, B denotes the quasi-support of the
measure 1g - m.

Definition 3.2 A probability measure u € Mg concentrated on B is called the equilibrium measure
for B if Ru is constant g.e. on B.
Define
5 1

P (A) = mﬁblpm(xg]§ c A), AcB(E). (3.5)

By virtue of Theorem 3.5.6 and (A.2.4) of [CF], we see that ué is a probability measure on E
concentrated on B.

+(0)

Lemma 3.3 ,ug belongs to the space S3 of positive Radon measures of finite 0-order energy

relative to the form (€9, F).
Proof. We first show that, for any non-negative Borel function v on F,

Hyu(x) = HLu(z) + RP\P(gHLu)(2), (3.6)
where H 9 denotes the counterpart of Hg for the process MY. In fact, by using the PCAF G; =

fo ds of M, we have for any non-negative bounded Borel function u,
~ O'E _
RP\P(1pHou)(x) = E [ /O 9(X;)Ex, [e “o5u(X, )} dt]
0 0

=E, [e_c"ﬁ u(Xo ) (eG"B - 1)] = Hzu(x) — H%u(x).

For a general non-negative Borel function, it suffices to aproximate by u A n.
We next show that N
RP\Bg(z) is bounded in z € E \ N. (3.7)

Indeed, since R = o5 a.s. (|[CF, Proposition A.3.6]), RE\B [fo (X3) dt} is dominated

by Rlg(z) = E, [ [;° e~ g(X;)dt] which is bounded on E by Lemma 3.1.
It follows from (3.5) and (3.6) that

(uB, R9uBY = W<g‘m’H%Rg’uB+RE\B(9H%R9MB)>

< gy (o7 ) + (oo m " P(gmes")).

Observe that (g - m,RguE> = <,U,§,Rgg> =1 and
(g-m, RE\E(gRIP)) = (uP, R9(g - RE\Pg)) < |RF\gl|og

which is finite by (3.7). Hence ,ué € Sg’(o) on account of [FO, Prop.2.5 (ii)]. O

13



Theorem 3.4 (i) For any Borel set B C E\ N of positive m-measure, the probability measure ué
defined by (3.5) is the unique equilibrium measure for the quasi-support B of1p-m. RuB(z) takes
a constant value ¢(B) q.e. on B given by

- 1 ~
B) = 1p, RE\B1p),, :
C( ) m(F)Q( FuR F) 3 (38)
and Rué admits the expression
~ . 1 ~
RuP = ¢(B) — mRE\Bg, q.e. on E. (3.9)
(i) ME is the unique measure among
{nesy™: u(B) =1, u(E\B) =0} (3.10)

minimizing E(Ru, Rpu) = (u, Ruy, and the minimum value equals ¢(B).

Proof. (i). According to [FO, Th.3.5] about an explicit construction of the family {Ru : u € Mo}
of recurrent potentials relative to the admissible set F', it holds that

Rf:HFR(g-Rgf)—FRgf—%

@ (m, f), (3.11)

if a non-negative Borel function f on F satisfies f - m € My, or equivalently, if f is m-integrable
and (f, R9f) < oo. Here R is an operator defined by [FO, (3.16)]. We make a special choice that
f = ph - RP'g for any constant p > 1 and h = 1p, which satisfies just stated conditions in view of
Lemma 3.1.
Notice that Rg = 0, R9g = 1, RP"(ph) = 1, g - R9(gR""g) = Ri(gRP"g) by [FO, (3.13)], and
RiRp = Rp — (Rip —m(F)"H1p -m, ) by [FO, (3.16)]. (3.2) and (3.11) lead us to
. 1
R(ph- R"g) = HpRRI(ph- R""g) + RY(ph- R""g) — () e ph RPg)
= HpR (9(1 ~RP'g+ R9(g - Rphg))) +1— Ry
1
g . ph - ph h
+R(g- R™g) () (g, R”*(ph))
= HpRg— HpR(g-R"g) + HrRR R""g — R°P"g + HpR1(g - RP"g)
= —HpR(g- R™g)+ HpR(g- R""g) — HrRi(g- R""g)
+m(F) " (1p - m, RP"g) — RP"g + Hp Ry (g - RP"g)
= —RP'g+m(F) Ymp, R"g). (3.12)

We let p — oo. Since R = o5 a.s. as was noted already, we have, for z € E'\ N,

lim R”'g(z) = lim E, {/ e_pctg(Xt)dt]
0

pP—00 pP—00
(a4 o ~
=E,; [/ Bg(Xt)dt] + lim E, [JEXM[/ e_pctg(Xt)dt]] = RP\Bg(2),
0 pP—00 B Jq
RP"g(z) being bounded in  uniformly in p > 1 by Lemma 3.1.
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Take any v € C.(FE). Then v-m € Mg and Rv is quasi-continuous and bounded by [FO, Th.3.5
(iv)] and Lemma 3.1. Let 7(¢) be the right continuous inverse of the PCAF Cy: 7(t) = inf{s : Cs >
t}. In particular, 7(0) = R = 0. By using [FO, Th.3.5 (ii)], we obtain

lim (v, R(ph - R""g)) = lim (R""(ph - Rv), g)
pP—00 pP—00

= lim E,,, {/ epCth(Xt)d(pCt)} = hﬂm Enp [/ e Ru(X7(s/p))ds
0 p=oo 0

p—0o0

— (mp, HzRo) = m(F)(u?, Ro) = m(F)(Ru®,v),

for the probability measure pé defined by (3.5). Since ,ug € My by Lemma 3.3, the last identity
in the above is legitimated by (2.20).
Thus we have from (3.12) that

1 = 1
B - - E\B
B =—m T iy

(1F,RE\§g), g.e. on E. (3.13)

Since RE\Bg =0on E, 1B satisfies the condition of the equilibrium measure of B and, in fact, its
potential RuP takes the constant value (3.8) q.e. on B and (3.9) is valid.

To show the uniqueness of the equilibrium measure, assume that pq, uo € My are probability
measures supported by B satisfying Ru; = C; q.e. on B for some constant C;, for ¢ = 1,2. Since
R(p1 — p2) = C1 — Cz q.e. on B, HzR(p1 — p2) = C1 — C2 q.e.on E. Noting that 1 — puz € Moo,
for any v € F. N C.(F), we have from (2.19),

0=E(HZR(u — p2),v) = E(R(m — p2), Hgv) = (1 — pa, Hgv) = (1 — pia, v).

Therefore, u; = po which implies the uniqueness of the equilibrium measure.

(ii). Take any y from the class (3.10) and put v = p — . Then (v,Rv) = (u, Ru) — ¢(B) so
that (u, Ru) > ¢(B). The equality holds if and only if £(Rv, Rv) = (v, Rv) = 0, or equivalently,
E(Rv,v) =0 for any v € Fe. As v € My, E(Rv,v) = (v,v), Yv € Fe, by (2.19), which completes
the proof. O

We call Rug equilibrium potential for B and ¢(B) of (3.8) the Robin constant for B (relative to
the admissible set F).

Remark 3.5 In establishing Theorem 3.4, we need to take, instead of a Borel set B itself, the
quasi-support B of 15 - m. B

(i). If B is closed, then B C B and m(B \ B) = 0.

(ii). If B is open, then B C B C B. In this case, B = B if and only if every point of B is regular
for B.

Here we present a comparison statement of Robin constants for different recurrent Dirichlet
forms. Let us consider two regular recurrent Dirichlet forms (@), F), i = 1,2 on L?(E;m) both
satisfying the condition (AC) with N = () and conditions (A.1), (A.2) as well. We assume that
there exist some positive constants A < A with

AEW (u,u) < €@ (u,u) < AEW (u,u) for all uw € F

The two Dirichlet forms then share common notions of ‘q.e.” and ‘quasi-continuity’. For any Borel
set B C E with m(B) > 0, they have therefore a common quasi-support B of 1p - m up to q.e.
equivalence. Let F C E be a common admissible set for £1) and £3).
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Proposition 3.6 For any Borel set B C F, denote by c(i)(é) the Robin constant for B relative to
F with respect to the Dirichlet form E®, i =1,2. Then

%c(l)(é) < (B) < %c(l)(é). (3.14)

Proof. Let {ROu,pu € ./\/l(())} be the family of recurent potentials relative to F with respect to
EW j=12. Let wi(€ MO ) be the equilibrium measure of B with respect to £@,i = 1,2. Since
Ry =M )(B) g.e. on § which is also supported by the probability measure uo, we get by taking
(2.19) into account, ¢ (B) = (ug, RV 1) = EA(R® g, RW ). The righthand side is dominated
by

5(2)(R(2),U«2 R(2) )1/25(2)(R(1)M1 R(l),ul)l/g i
@(BY2/AED(RW g, R py)V2 < VAW (B)V/22) (B2,

Hence ¢V (B) < Ac(2)(§). The converse inequality follows similarly. O

For the sake of later use, let us state two formulae holding for recurrent potentials Ru relative
to a fixed admissible set F'. For I, define the probability measure mg on E by

1

meA) =

m(ANF), AeB(E). (3.15)
Be&des the family {Ru;p € Mo} of recurent potentials relatlve to F', we con81der a certain linear
space M of finite signed measures on E such that each p € Moo ={pe Mo : w(E) =0} admits
a unique function Ry € Fe satisfying the Poisson equation & (R, v) = (p,v) for all v € F,NC,(E).
We assume that mp € Mo

Lemma 3.7 If u is a probability measure and p € Mg N M\o, then, for q.e. x € I,

~

Ru(z) = R(u — mp)(z) — (fp, R(p — mp)) (3.16)

Proof/'.\ Since u — mp € MgnN M\o with zero total mass, we have by the /Poisson equations
(R — R)(p —mp) = c for some constant c. As Rmp = 0 by (2.19), Ru(z) = R(p — mp)(z) + c.
Integrating both sides by mp(dx), it holds that (mp, R(u — mp)) + ¢ = 0, yielding (3.16). O

Next let A be an open set with AN F =0, (£, F4) be the part of the Dirichlet form (£, F) on
the set A and My = (X/,P,) be the part of the Hunt process M on A. My is then a transient
Hunt process on A associated with the regular Dirichlet form (£, F4) on L?(A;m). We denote by
864 () the family of positive Radon measures on A of finite 0-order energy relative to (£, F4) and
by UAp(€ Fe a) the 0 order potential of u € 864’(0).

We further put /\/l ={p=p1— po: p1,pue € 864’(0)}. We note that the inclusion F4 ¢ F7
holds because (&, .FA) can be also considered as the part of (£, F9) on the set A.

The transition function PA of M satisfies the absolute continuity condition (AC) holding for
any t > 0 and z € A\ N, N being the properly exceptional set of M appearing there. Hence the
resolvent {RZ, o > 0} of M4 admits the density function r2(z,y), =,y € A \ N, that is e_atPA
excessive in each variable. Define r(z,y) = lima o 74 (z, y) and put RA = [, w(dy).
Then, exactly in the same way as the proof of [FO, Prop.2.5 (ii)], we can see that e 50 ( ) if and
only if (u, RAm < 0o and in this case R4y is a quasi-continuous version of the potential U .
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Since RAf < RIf for any non-negative Borel function f, one can prove the inclusion
{ne sy supplul ¢ A} c s, (3.17)
in exactly the same way as the proof of [FO, Prop.2.5 (i)].

Lemma 3.8 For any open set A with ANF = and for any measure u € Mg concentrated on A,
it holds that pu € M(‘;"(O) and
Hp\aRp = Ry — R4p. (3.18)

Proof. In the proof of [FO; Th.3.8], we have seen that g4 = pHp\ 4 € Mo for any p € Mo.
The first assertion is a consequence of (3.17). We show that

Hp\aRp = Rpp\a- (3.19)
Let f be a bounded m-integrable function on E such that RY|f| is bounded. Then, by (2.17),
(mp, Hp\aRp) = (mp, Rp) = 0 and further E(Rf, Hp\aRp) = (f, Hp\aRp),
whose left hand side equals E(Hp\ o Rf, Ru) = (u, Hp\aRf) = (up\a, Rf) = (f, Rppy 4), arriving
at (3.19).
(Take) any function v € F¢. In view of [CF, Th.3.4.8, Th.3.4.9], Hg\ 40 € F. is £-orthogonal to
FA and we get from (2.19) and (3.19)

E(Hp\aRp+ R, v) = E(Rpupya + Ry, v)
- <IU’E\A7 U) - <IU’E'\A7 1><T7LF,'U> + </,L,’U - HE\AU> - </’L7’U> - </,L1><7:TVLF,’U>

Hence, the function u = Hp\ g Ry + R4y is an element of F¢ satisfying the first equation in (2.19).
Since it also satisfies the normalization (mpg,u) = (mp, Ru) = 0, we obtain u = Rpu. O

In this section, we have considered the equilibrium measure and the equilibrium potential of a set
for a recurrent Dirichlet form. For transient Dirichlet forms, these concepts have been introduced
in a somewhat different way (see [De, Ch.4] and [FOT, §2.1, §2.2]). To be more precise, let (£, F)
be a regular transient Dirichlet form on L?(E;m) and M = (X, P,) be the associated Hunt process
on E. Let S(()O) be the family of positive Radon measures on E of finite 0-order energy and Up € F,

be the 0-order potential of u € Séo) as were introduced in Section 2.2.
We consider any Borel set B C E whose 0-order capacity Cap(o)(B) is positive and finite. By
the 0-order version of the second paragraph of [FOT, p 82] and [FOT, Th.4.3.3], there exists then

a unique measure up € S(()O) supported by B such that
@/B(az) = pp(x) for q.e. x € E. where pp(z) =Py(op < ), z € E.

Note that pp = 1 q.e. on B. up (resp. Upup) has been called the 0-order equilibrium measure
(resp. equilibrium potential) of B.

Assume further that the set B is closed. Then Cap®) (B) = (up,ps) equals the total mass of
pp and we can define the renormalized equilibrium measure u® of B by

pP(A) = pp(A)/Cap®)(B), A€ B(E), (3.20)
which is a/\grobability measure concentrated on B. Accordingly, the renormalized equilibrium
potential UpB(z) = pB(nv)/Cap(O)(B)7 g.e. * € E, takes a constant value l/Cap(O)(B) g.e. on
B so that this value can be regarded as the Robin constant for the closed set B relative to the
renornmalized equilibrium measure 2.

We notice that, if we further assume that the Dirichlet form &£ is strongly local, then p? is

concentrated on the boundary 0B, because, for any function ¢ € F, N C.(E) with support in the
interior of B, (u?,¢) = E(pp, ) = 0.
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4 GMCs via equilibrium potentials for recurrent forms

4.1 Properties of the family {y*", f(x,r)} for recurrent forms

Let E be either the whole plane C or the closure of the upper half-plane H and m be the Lebesgue
measure on E. We consider a strongly local regular recurrent Dirichlet form (£, F) on L%*(E;m)
and an associated diffusion process M = (X, Px) on E.
Forx € C, s >0, we let B(x,s) ={y € C: |y — x| < s} and B(s) = B(0, s).
A function u € F, is said to be E-harmonic on an open set G C E if E(u,v) = 0 for any v € Cg
where Cq = {v € C : supp(v) C G} for a special standard core C of £.

We make the following assumption:

(B.1) The transition function P, of M admits a density function p;(x,y) with respect to m
satisfying the Gaussian estimate: there exist positive constants K;, k;, ¢ = 1,2, such that

K.
Ix=yI?/t < pi(x,y) < Tze*kﬂx*yp/t, Vx,y € E,t > 0. (4.1)

Here are some important consequences of this assumption (B.1). First, due to M.T.Barlow,
A.Grigor’yan and T. Kumagai [BGK, Th.3.1, Cor.4.2], we have the following:

Proposition 4.1 (i) pi(x,y) is positive and jointly continuous in (t,x,y) € (0,00) x E x E.

(ii) For any u € F, that is E-harmonic and bounded from below on an open set G C E, there exists
its m-version w such that w is continuous on G. If u € F. is non-negative and E-harmonic on
B(z,r) C E, then u satisfies the Harnack inequality: there exists a constant Cy independent of x
and r such that

sup{u(y) : y € B(x,r/2)} < Cyinf{u(y) : y € B(x,r/2)}. (4.2)
Lemma 4.2 For each x € E, the one-point set {x} is of zero capacity relative to E.

Proof. For a > 0, denote by r(x,y) (resp. 7o (X,y)) the Laplace transform of p;(x,y) (resp. the
transition density of the planar Brownian motion). By (B.1), 27 K79, (x,y) < ri(x,y), x,y € E.
Suppose Cap(y) = ¢ > 0 for some y € E. According to [FOT], Ex[e™?¥] = ¢ - ri(x,y) for q.e.
x € E, which contradicts to the unboundedness of the righthand side due to the above inequality.
O

For any Borel set B C E, a point x € E is called regular for B if Px(cp = 0) = 1. For an open
set G C F, a point x € JG is said to be reqular for the Dirichlet problem on G if, for any bounded
Borel function ¢ on OG that is continuous at x, lim,_x zeq Ez[0(Xoy ); 0aa < 00] = p(x).

Proposition 4.3 Let G be an open subset of E. In the case that E = H, we assume that G C H.
Then, a point x € G is reqular for E\ G if and only if x is regqular for the Dirichlet problem on
G.

Proof. When G is bounded, the ‘only if’ part follows from E.B. Dynkin [Dy2, Th.13.1]. We
reproduce a proof for a general open G under the current setting. For simplicity, we only consider
the case that F = C.

As the proof of [Dyl, Lem.6.3], we have for any v > 0 and € > 0

Pe(| Xt — x| > 2e, It € [0,u]NQ) <2 sup P(y,C\ B(y,e)), VxeC. (4.3)
t<u,yeC
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The righthand side tends to zero as u | 0 by the assumption (B.1). Since Px(sup;¢jg ) [ Xt —%| > ¢€)
is dominated by the lefthand side of (4.3) with /2 in place of ¢, we obtain for any £ > 0

lim sup Px (sup | X; — x| > ¢) = 0. (4.4)
ul0 xeG t<u

On the other hand, assumption (B.1) along with Proposition 4.1 (i) implies that M is strong
Feller in the sense that P,f € Cs(C) for any bounded Borel function f on C. According to Lemma
13.1 of [D2], this means that for u > 0 and 7¢ = oc\¢

Px(7¢ > u) is upper semi continuous in x € C. (4.5)

Assume that ¢ € 9G is regular for C \ G, namely, Pe(7¢ = 0) = 1. Take any bounded Borel
function ¢ on G which is continuous at ¢ so that, for any € > 0, there is a > 0 with |[p(y)—¢(c)| < €
for any y € B(c,a). We then get, for f(x) = Ex[¢(X;,)], x € G,

[F(x) = p(e)] <&+ 2flplloo(l = Px(Xrg € Blc, ), x€G. (4.6)
By (4.4), we can find u > 0 with

Px(sup | X — x| > /2) <e, VxeG. (4.7)
t<u

As Pe(1q > u) =0, (4.5) implies
Px(1¢ > u) <e, Vx € B(c,d), forsome d € (0,a/2). (4.8)
It follows from (4.7) and (4.8) that, for any x € G N B(c,d),

Py (e < u, sup |X; — x| < a/2) > 1 — 2e.
t<u

Since the lefthand side is dominated by Px(|x — X, | < a/2), we obtain Px(jc — X, | < a) > 1—2¢,
which combined with (4.6) leads us to |f(x) — ¢(c)| < € + 4¢l||¢||, ¥x € GN B(c,d).

The ‘if’ part can be proved in exactly the same manner as [PS, Prop.3.6, Th.2.2] by noting that
each one point set is polar by Lemma 4.2. O

We further make the next assumption:

(B.2) Let B = B(x,7)NE for any x € E, 7 > 0. In the case that E = H, we assume that r # Sx.
Then every point of B is regular for B and for E \ B.

The property derived in Proposition 4.1(i) is much stronger than the absolute continuity condition
(AC) which now holds with N = (. For any set B as in the assumption (B.2), let B the quasi-
support of 1 - m specified by (3.4). Then, by (B.2)

B=B, and Py (03 =09p) =1, foreveryx e E\B. (4.9)

Define ro(x,y) = [5° e *pi(x,y)dt, x,y € E, and Ryf(x) = [pra(x,y)f(y)m(dy), x € E.
Then { R, a > 0} is the resolvent of M satistying the conditions (A 1), (A.2) in Section 3. Further,
r1(x,y) is positive and lower semi-continuous in (x,y) € £ x E so that infycpyecrr1(x,y) > 0 for
any compact set F' C E. Therefore any compact set F' C E with positive Lebesgue measure m(F)
can be an admissible set in the sense of (2.17). We make a special choice of it; for a fixed S > 2,

F=B(S+1)\B(S) when E=C; F = (B(S+1)\ B(S)) NH when E = H. (4.10)
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By the assumption (B.2), we see that F=F.

In what follows, we only deal with the case that £ = C for simplicity of presentation and we
aim at constructing the Gaussian multiplicative chaos on B(S — 1). But, in the case that £ = H,
all the statements below hold only by changing B(S — 1) into B(S — 1) N{x € H: Sx > 1}.

For the annulus F' in C defined by (4.10), its indicator function 1 will be denoted by g. Recall
the related objects £9, FZ, Sg ’(0), MY, RY, introduced in subsection 2.3 and section 3. We shall
also use the notations mp(A) = m(F N A), A € B(C), mrp = mp/m(F). As the transition
function P/ of MY satisfies the absolute continuity condition (AC) with N = ), there exists a
non-negative symmetric Borel measurable function r9(x,y), x,y € C, such that it is MY-excessive
in each variable and

RIf(x) = /Crg(x,y)f(y)m(dy) <oo VxeC, (4.11)

for any non-negative bounded Borel function f on C vanishing outside a bounded set by virtue of
Lemma 3.1 and the definition [FO, (2.12)] of r9(x,y). (4.11) particularly implies that, for each x €
C, r9(x,y) < oo for q.e. y € C on account of [CF, Th.A.2.13 (v)]. Further, for any p € Sg'(o), the
function R9p define by RIpu(x) = [-79(x,y)u(dy), x € C, is MY-excessive and a quasi continuous
version of the O-order potential U9 € F¢ of p in view of [FO, Prop.2.5].

Recall the space of signed measures M, defined by (2.18). For any pu € My, the recurrent
potential Ry of p relative to the admissible set F' has been constructed in [FO, Th.3.5] explicitly
by the formula

#(C)

Ry =HpR(1pRu) + Ry — m(F) (4.12)

which is a specific quasi continuous function in F¢ satisfying the condition (2.19). Here Hp is
defined by Hpu(x) = E,[u(X,,)], x € C, and R is a bounded operator on L?(F;mp) to be
explained below.

Let (R,)p>0 be the resolvent of the time changed process Ml = (X,, {Px}xer) on F of M by its
positive continuous additive functional C; = fg 1 F(:X s)ds. 7 is the right continuous inverse of Cj.
F coincides with the support of C;. We note that R;(x,-) is absolutely continuous with resepct to
mp and satisfies

Rip(x) =/Ff1(x,y)<p(3’)mF(dy), r1(xy) =r(x,y)1r(y), x€F. (4.13)

Define R} = Ry and R7p(x) = [ Ri(x, dy)RYo(y), n > 2. Then

o0

Re = S (Riw - (ir, ), ¢ € LA(Fsmp), (4.14)

n=1
is convergent in L?(F;mp). We also note that R admits the bounds (cf. [FO, (3.7),(3.10)]):
[|Rp||2 < c1ll@ll2,  [|R@||oo < c2]|@|loo, for some constants ¢; > 0, ¢o > 0. (4.15)

We have seen in Theorem 3.4 that, for any B € B(C) with m(B) > 0, the quasi-support B of

15 - m admits the equilibrium measure p? € S ) defined by (3.5). Let B(x,r) be any open disk
with center x € B(S — 1) and radius 0 < r < 1. Its closure will be denoted by B(x,r). By (4.9),

we have B(x,r) = B(x,r). We denote the equilibrium measure pB®7) by %" We then see from
Theorem 3.4 that
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por(A) =Py, (XUBB(X,T) €A), AeB(0B(x,r)),

Rp*"(y) = f(x,1) — ﬁlﬁiy [foog(x”') 1F(Xt)dt] , qe. yeC, where (4.16)
F6,7) = sty | Jo 7% e (Xt

where mp is the probability measure defined by (3.15). Thus ™" is a probability measure concen-
trated on 0B(x,r) and its potential Ry™" takes a constant value f(x,r) (called the Robin constant
for B(x,7)) q.e. on B(x,7).

Lemma 4.4 Define E,ux’r(y), y €C, by

1

Rp*"(y) = f(x,r) - m(F)

JE(X,T)
v(y), where v(y) =E, {/ 1F(Xt)dt} . (4.17)
0
]:?,ux”“ is a quasi continuous version of Ry*". Further ﬁux”’(z) is continuous in'y € B(S5), &-
harmonic on B(S) \ B(x,r) and identically equal to f(x,r) on B(x,r).

Proof. (4.16) implies the first statement. v € F. by (4.16) and v is bounded on C in view of
(3.7). Take any disk B with B C B(S)\ B(x,r). Then v is M-harmonic on B in the sence that, for
any open O with O C B, Ex[v(X,)] = v(x), x € O. Therefore, by virtue of [CF, Th.6.7.13], v is
E-harmonic on B, and by Proosition 4.1 (ii), there exists an m-version v of v which is continuous
on B.

On the other hand, v is excessive relative to the part M g,y of M on C\ B(x,7) and so
relative to the part Mg of M on B. Denote by PP the transition function of M. By taking the
assumption (B.1) into account, we have v(y) = lim; o PPo(y) = lim;_0 PPv(y) = v(y), for all
y € B, namely, v(y) is continuous in y € B.

Denote v by v,. v, is identically zero on B(x,r) by assumption (B.2). So it remains to prove
that, for any yo € 0B(x,1),

lim v (y)=0. (4.18)
y—=y0, yeB(S)\B(x,r)

Take s € (0,7). Then vs(z) is continuous in z € B(S) \ B(x, s) and
vs(y) = vr(y) + Ey [US(XdaB(x,T))]v y € C\ E(X7 r),
Hence (4.18) follows from assumption (B.2) and Proposition 4.3. O

We first study the relation between the next two properties (P.1), (P.2) of the equilibrium
potentials { Rp™"}:
(P.1) There exist constants £ > 1 and C7 > 0 such that for all x € B(S — 1) and 0 < 4r <t < %,

max{R*" (y) : y € 0B(x,t)} < kmin{Ru*" (y) : y € dB(x,t)} + C}. (4.19)

(P.2) There exist constants x > 1 and C7 > 0 such that, for all x,y € B(S—1)and 0 <e <
with 6§ < |x —y| < 1/3,

(W, Ry < kf(y,[x — y| — (6 +6)) + C1. (4.20)
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Lemma 4.5 (i) Forr € (,1/2),
max{Ri*(y) : y € B(S)\ B(x,7)} = max{Rp*(y) : y € dB(x,r)}. (4.21)

(ii) If property (P.1) holds for some constant k > 0 and Cy > 0, then so does property (P.2) for
the same constants k, C1.

Proof. (i) Let v(y), y € B(S) \ B(x,¢), be the function defined by (4.17) for ¢ in place of r.
Then, for r € (¢,1/2) and for any y € B(S) \ B(x,7), Py(0sp(x,r) < TaB(x,e)) = 1 and so

O9B(x,e)
/ 1p(Xe)dt

9B(x,r)

=E, [U(XJBB(XYT))} > min v(z),

>E
U(Y) - z€IB(x,r)

yielding (4.21).
(ii) For any z € B(x,¢), we have 1/2 > |x —y|+e > |z—y| > [x —y| —¢ — J > 46 so that (i),
(4.19) withr =9, t = |x—y| — (¢ +9) < 1/3 and (2.20) imply

Ruv9(a) < max{R(a) 5 € OB(y, [x —y] — (4 )}
< ﬁmin{ﬁyy"s(z) 1z €0B(y,|x—yl—(e+4)}+C1
< & / Ry (w) ¥ Y= (dw) + Oy = ki f(y, [x — y| — (e +6)) + O,
yielding (4.20). O

Lemma 4.6 (i) For any 0 < ro < 1/3, there exists a constant My depending only on ro such that
RIpY"(x) < My, forally € B(S—1), x€ C\ B(y,r), 0 <r <rp/2. (4.22)
(ii) For any 0 < ro < 1/3, there exists a constant Ms depending only on ro such that
|]3¢uy’r(x)] < M,, forally e B(S—1), xe€ B(S)\ B(y,r0), 0 <r <1rp/2. (4.23)
(iii) Property (P.1) holds true for some constant x > 0 and Cy > 0.
Proof. (i) Let G = B(S —1/2)\ B(y,ro/2) for any y € B(S — 1). Take any r € (0,70/2). Then,
for any v € Cq, E(RIpY",v) = EI(RIuY".w) = (¥, v) = 0, namely, RIuY" is E-harmonic on G.
As RIpY" is M9-excessive on C, we can use Proposition 4.1 (ii) in the same way as the proof of

Lemma 4.4 to conclude that it is continuous on G. We can then apply the Harnack inequality (4.2)
to RIuY"" to obtain for any z € G, s > 0, with B(z,s) C G that

max{RIp¥"(w):w € B(z,s/2)} < Cygmin{RIp>"(w) : w € B(z,s/2)}.
In particular, for any z € 9B(y, o), B(z,7r0/2) C G and consequently,
max{RIp¥"(w):w € B(z,19/4)} < Cgmin{RIpY""(w) : w € B(z,19/4)}.
Since the length of the circle 9B(y,ro) is 2wrg, dB(y, o) can be covered by k = [27r¢/(r0/2)] +

1 = 13 disks B(z;,70/4) with center z;, € 0B(y,r), ¢ = 1,2,---,13 such that B(z;,ro/4) N
B(zi41,70/4) # 0 for any 1 < i < 13 with the convention that z14 = z;1. If we denote the maximum
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and the minimum of R9Y"" on B(z;,79/4) by M; and m;, respectively, then M;/m; < Cy for any
1 <4 <13,

Without loss of generality, we may assume that M; = max;<ij<13 M;. As B(z1,70/4)NB(22,70/4)
is non-empty, we have m; < Ms and M; < Cgmy < CpgMs < CIQ_Img so that M < C’%{(ml Amg).
Similarly, one can get, for any 1 < ¢ < 7, My < C}{(ml Amg A --- Amy;) and My < C’}'{(mlg A
mig A -+ Amyg—;). If the number k such that my A mg A -+ A myz = my satisfies 1 < k < 7
(resp. 7 < k < 13), then the first (resp. second) relation with i = 7 yields that M; < C’Lmk. Let

D(y,ro) = UL3, B(z;,70/4). We thus obtain, for any r < ro/2,

max{RIp¥"(w) : w € D(y,ro)} < Cmin{RIu¥"(w) : w € D(y,ro)}. (4.24)
Because of the inclusion dB(y,r0) C D(y,r0), we also have for any r < ro/2
max{RIpY" (w) : w € dB(y,r0)} < CHmin{RY>"(w) : w € OB(y,70)}. (4.25)

Since RIpY" € F¢ is £9-harmonic on C \ B(y,rq), RIp¥"(x) = H%(y 7qO)Rg,uy’r(X) for g.e.
x € C\ B(y,ro) by [FOT, Th.4.3.2], which holds for every x € C\ B(y,r) because the both
hand sides are MY-excessive and consequently excessive relative to the part of MY on C\ B(y, ).
Accordingly we get, for any x € C \ B(y, o),

RIYI(x) = HE R (x) < max{R¥"(2) 2 € Dly, o)}

7
< CHmin{RIy¥"(z):2z € D(y,r0)} < }71{ / RIp¥ " (z)m(dz)
m(D(y,70)) JD(y,ro)
= 76\17]?1<My77‘ Rgli
m(D(y,r0) "

As the proof of Lemma 3.1 (i), R15, . () < 1/¢(D(y,r0)) on C for

y7T0)>'

¢(D(y,r0)) = inf{Rag(x) : x € D(y,r0)} > inf{re(x,2) : x € D(y,r0),z € F}m(F).

By the Gaussian lower bound in (4.1), the last term in the above is larger than Mim(F) with M1 =
fooo(Kl/t)e_%_kl(23_1/2)2/tdt < o0o. Further m(D(y,r0)) takes a positive value m,, independent of
y € B(S — 1) and (4.22) holds for My = CL/(Mym(F)my,).

(ii) (4.22) particularly implies that RIuY""(x) < M for any x € F; y € B(S — 1) and r < r¢/2.
Hence, in view of (4.12) and (4.15), we have

”R,U«y’THLOO((C\B(y,rO)) <cM; + M+ ﬂl(lF) =DMy, yeB(S—-1), re(0,m9/2).
By Lemma 4.4, ﬁ,uy”" is a version of RuY"" and continuous on B(S) so that we obtain the desired
bound (4.23).
(iii) Take any 7o € (0,1/6) and let Gy = B(S — 1/2) \ B(y, rq). For r < ro, Ru¥"" is £-harmonic
and continuous on Gy by Lemma4.4. For r < ro/2, |[Ru¥"| < My on Gy by (i) so that Ry "™ =
RyY"™ + M, is non-negative continuous and E-harmonic on G;. Hence the same method as in (1)
works to obtain (4.25) for RuY" and 2rg in place of RIu*" and ro, respectively. Accordingly,

max{ﬁuy’r(z) cz € 0B(y,2ry)} < C§ min{ﬁuy’r(z) :z € 0B(y,2r9)} + C1, Vr<rg/2,

for some constant C; > 0, yielding (4.19) with k = CJ,. O
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Proposition 4.7 (i) There exists a symmetric Borel measurable function v(x,y), x,y € C, such
that, for each x € C, it is a difference of M9-excessive functions of y € C finite g.e. and

Ru(x) = /Ct(x,y),u,(dy), x € C, for any pu € Mo. (4.26)

ii) For any fized 0 < n < 1/2, (u™", Ru¥""2) is uniformly bounded in 1,719 € (0,1/8) and X,y €
B(S —1) with |x —y| > n.

lim (™, RuY""?) = t(x,y), (4.27)
71,720

form x m-a.e. (x,y) € B(S—1)x B(S—-1)n{(x,y):|x—y|>n}

A proof of this proposition will be given in Appendix (subsection 7.1). In the proof of the
second assertion (ii), we shall make a full use of the upper Gaussian bound in assumption (B.1)
along with Lemma 4.6.

Before going into our task of constructing Gaussian multiplicative chaos, we need to make an
additional assumption that

(B.3) There exist a constant Cy > 0 such that

sup{f(y,r):y € B(S—1)} < Coinf{f(z,r):z€ B(S—1)}, re(0,1). (4.28)

4.2 Construction of Gaussian multiplicative chaos from {y*", f(x,r)}

Let {X,;u € F.} be the centered Gaussian field defined on a probability space (£2,B,P) with
covariance E[ X, X,| = £(u,v) u,v € F. Define

Y = Xpxr, x€B(S—1), 0<r<l, (4.29)

for the equilbrium potential Ry*" € F, with respect to the closed disk B(x,r).

On account of the probabilistic expression (4.16) of the Robin constant f(x,r), we readily see
that f(x,r) is a strictly decreasing continuous function of r € (0,1). We denote its inverse function
by f~Y(x,7). For any r € (0,1/2), let 7 = 7(x) = f~1(x,[f(x,7)]), where [f(x,7)] is the integer
part of f(x,r).

Given o > 0 and 0 < € < g9 < 1/2, we shall consider the set Gx:°(w) defined by

G (w) = {Y™" < af(x,T), Vr € (¢,0)}- (4.30)
For a fixed v > 0, put
- 2
VX = Y = DY), (4:31)

where V(Y*¢) = f(x,¢) is the variance of Y**.
The following estimate is well known for a centered Gaussian random variable £ with variance
V(&) (see [MR; Lem.5.1.3]):

2
2V (¢)

Proposition 4.8 For any a > v and g9 > 0, there exists p(a,7y,€9) > 0 independent of € and x
such that limg,—0 p(c,v,€0) = 0 and

P[|¢] > a] < exp (— ) Ya > 0. (4.32)

E V7. 0 \ G2 < pla,v,e0), forallee (0,6) and x € B(S —1).

X,E

24



Proof. Put Mo =E ¢V 0\ GIE°|. Then

My oo = e OPAVOTIR | V5 U (VoI 0R) S opy]
ke([f (x.e0)L,Lf (x.¢])

Since, for any ¢ < f~!(x, k),
cov(yY X, Y3 TRy — e Ry TRy =y f(x, fY(x, k) = vk,

the Cameron-Martin formula (2.25) applies in getting

Mycne = P U (Y7100 vk > ok}
ke(([f (x.c0)).f(x.2)])

Z P (Yx’fil(x’k) > (a— fy)k‘) .
ke([f(x.20)][f(x.8)])

IN

As Y/ (xF) ig a centered Gaussian random variable with variance k, we get from (4.32),

IS (a=mk)*\ _1 < (0 — )%
Mx,a,’y,a < 5 Z exp <_2k‘> < 5 Z €xp (_2> ’

k=[f(x,€0)] k=ko(eo)

where ko(g9) = inf{[f(z,c0)] : 2 € B(S —1)}.
We let p(a,~,e0) = ZZOZ,CO(EO) e~ (a=")k/2, By (4.16), Lemma 4.2 and the recurrence of &, it

holds that ) -
liﬁ)lf(x,r) = ( )EmF {/ 1F(Xt)dt} =00, Vxe€ B(S—-1).
r 0

m(F
On the other hand, the assumption (B.3) yields that, for a fixed ¢ € B(S — 1),
fle,r) < Crinf{f(z,r):z€ B(S—1)}, foreveryre (0,1).

Therefore lim., 0 ko(c0) = 0o and lim.,—0 p(a,y,€0) = 0. O

Before proceeding further, let us prepare the following proposition about the existence of a
measurable version in two variables (x,w) of the random variable Y*"(w) defined by (4.29) for
each r > 0.

Proposition 4.9 For any r € (0,1/2) and finite positive measure o on B(S — 1), there exists a
measurable function Y (x,w) on B(S—1)xQ such that, for c-a.e.x € B(S—1), Y"(x,w) = Y*"(w)
P-a.s.

Proof. Let us fix 7 € (0,1/2) and a finite positive measure o on B(S — 1). We shall first prove
that the map from x € B(S — 1) to Ru™" € F. is continuous. Since

E(RWS" — Ry, Rp™" — Rp™") = f(x,7) + f(y,r) = 2(u™", Rp™"),

it is enough to show that lim, o f(yn,7) = f(x,7) and lim, oo (u¥™", Ru®") = f(x,r) for any
sequence y, € B(S — 1) converging to x € B(S — 1), In view of (4.16), these two relations are
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equivalent to lim, (1, RE\B(yn.r) 17)m = (1p, RE\B(xr) 1F)m and lim,, o0 (™", RE\B(xr) 1p) =
0, respectively. But by (4.16) again,

_ I B(x,r)
<,uyn77’7 RE\B(X’T)9> = E"%FHB(YHW) |:/0 1F(Xt)dt:|

TB(yn,r) TOB(x,) (OB (yn )
— EﬁlF / 1F (Xt)dt
g

B(Y'n:’")

Therefore, if we can show that, for any sequence y, € (S — 1) converging to x € B(S — 1),

]P)Z(nh_}rgo JB(yn,T) = nli_EIolo(O-B(yn,r) + UB(X,T) © H(UB(yn,r)) = UB(X,T)) = 1’ Vz € Ev (433)
the desired continuity follows.

For any 0 < € < r, if [x —y,| < € then B(x,r —¢) C B(yn,7) N B(x,7) C B(yn,r) UB(x,7) C
B(x,7 +¢). Hence 0p(xrie) < lim, o050y, ») < My 0005y, ) < OB(x,r—e)- Lhe same relation
also holds for oy )+ T ©0(0p(y, ) instead of oy, . Therefore, for the proof of (4.33),
it only remains to show that Py (limy o 05(x,r4e,) = liMg o0 OB(x,r—ex) = O'E(X’T)) =1,Vz € FE for
some sequence €g | 0.

By (B.2), OB(xs) = OB(xy) &s. Clearly op . ) > 0px,). Further, if opx ) (w) < t, then
X,(w) € B(x,7) for some s < t and hence X(w) € B(x,7—ej) for some k > 1, that is OB(xr—ey) < b
Therefore limy_, OB(xyr—er) S TB(xr) and hence P, (limg_ o0 OB(xr—er) = OB(xr) = O'B(xﬂ")) = 1.

To show another relation, put o = limg 00 OB(xr4¢,) < OB(x,r)" Since X, = limp_yo0 XoB(x rteyy €

Mg B(x,r + &) = B(x,r), o > OB(x,r)- Hence we also have Po(limy 00 OB(x,rtey) = UE(x,r)) = 1.
Thus we have the desired continuity.

As E[(YX" — YY")2] = E(Rp*" — RpY™", Ru*" — Rp¥Y™"), the continuity verified in the above
implies that x + Y*" is a continuous map from B(S — 1) to L?(P), and consequently, a uniformly
continuous map from K to L?(P) for any compact sunset K of B(S—1). For n > 1, express B(S—1)
as a finite disjoint sum B(S —1) = >, C), i, where C,, 1, is an intersection of B(S —1) and a square
of side length 1/n. Pick the unique point ¢, j from C,, j, with shortest distance from the origin and
let Y, (x,w) = > 1 1c, , (x) Y+ " (w). Then Y, (x,w) is measurable in (x,w) € B(S — 1) x  and,
by the stated uniform continuity, we have for any compact subset K of B(S — 1)

lim sup E[(Y, (x,w) — Y™ (w))?] = 0. (4.34)
n—oo xeK
Consequently,
lim (Y7 (x,w) — Y/ (%, w))*P(dw)o(dx)

nt—oo JOx K

< o(K) lm_sup E[(Y](x,w) — ¥/ (x,w))?] = 0,

nl—00 xc K

namely, {Y,"(x,w)} is a Cauchy sequence in L*(Q x K,P x o).

By choosing a suitable subsequence {n'} of {n}, Y,/ (x,w) conveges to a P X o-measurable
function Y7"(x,w) on K x Q as n’ — oo. In particular, for g-a.e. x € K, limy o Y, (x,w) =
Y7 (x,w), P-a.s., which combined with (4.34) yields E[(Y"(x,w) — Y*"(w))?] = 0 and Y"(x,w) =
Y*"(w) P-a.s., for o-a.e. x € K. Since K is an arbitrary compact subset of B(S — 1), the proof of
Proposition 4.9 is complete. O
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Throughout the rest of this subsection, we shall consider a positive measure o on B(S — 1)
absolutely continuous with respect to the Lebesgue measure with an integrable density on B(S—1).
For any A € B(B(S — 1)) and for 0 < € < g¢, define

Ig(w) :/Aef/x,s,va(dm), Jg(w) :/Ae?xﬁﬁl(ﬁ:?oa(daﬁ), (435)

where the random variable Y*¢(w) involved in Y*€7 and Gx" is taken to be its measurable version
in Proposition 4.9 so that the integrals in (4.35) make a perfect sense and they can be regarded as
a random measures on (B(S — 1), B(B(S — 1))).

We aim at deriving the convergence in probability of the random measure I; as € | 0 toward a
non-degenerate random measure on B(S — 1) in the topology of the weak convergence. To this end,
we adopt the strategy taken by Berestycki [B]; we fix A € B(B(S—1)) and look for conditions given
in terms of 7, o, @ and the Robin constant f(x,r) to ensure the L?(P)-convergence of J., which will
then be combined with Proposition 4.8 to obtain the L!(PP)-convergence of I. as well as its uniform
integrability. Notice that, by the Fubini theorem,

E[J2] = / /A AE[e?x’f’”?y’fﬁggéo1G;§O]a(dx)a(dy).
X

Proposition 4.10 Assume that the following two conditions are fulfilled for some o € (0,27):

i [ exp (=52~ @03 70) 4 22 1(31) ) o (Bly.0r))olay) =0 (4.36)

and
. 1 2
lim sup exp | —5(2y —a) f(y,[x—y[+e V)
n—0 £,0<n AxAN{|x—y|<n} 2

X exp (fﬁf(y, (lx—yl—(e+0))V(V 5)) o(dx)o(dy) =0, (4.37)

where Kk is a constant appearing in (4.20). Then,

lim sup // E [e?x,e,uf/y,&,lewo 1Ga,50i| o(dx)o(dy) = 0. (4.38)
70 e.5<n AxAN{|x—y|<n} e Tys

Proof. Put

{éfﬁji“ (y,0) = {Yxf < af(x,7) — yCov(YXE + Y¥O YXT) Vr € (g, &)

e 7 - ) (4.39)
nggo (x,€) = {Yy’r < af(y,7) —yCov(Y*e £ YY0 YYT) Vr € (4, 50)} i

Then, by the Cameron-Martin formula (2.25), we have
// E [e?x,sﬁ—&—?yv‘sﬂ 1050 1Ga,so} o(dx)o(dy)
Ax An{|x—y|<n} xe Gy
_ / / eV Cov(Y 5 YY) (ég (y,6) NG5 (x, s)) o(dx)o(dy). (4.40)
AxAN{|x—y|<n} ’

We may assume that ¢ < § < 7 because if otherwise we may exchange (y,d) and (x,e). If
0 < e <6< e, then cov(Y*®¢ + VY9 YYT) = f(y,7) + (°, Ru¥’™) so that

PG5 (%,)) <P (VY7 < (o= ) f(y.7) — (™, B ).
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Let us make a special choice of r satisfying f(y,|x —y|+¢) — 1 < [f(y,7)] < f(y,|x —y| +¢)
Then |x —y| + & <7 and hence (¢, Ru¥"") = f(y, 7). Since a — 2y < 0, we get from (4.32),

P(Ce2(y,0)NGR(xe) < P(Gy3(xe)) SP(YY < (a—29)f(y,7)

< o (5@ @byl 49 - ).

If |x — y| < 60, then f(y,|x —y|+¢e) > f(y,70). As Cov(Y*€,Y¥9) = (1% Rp¥0) < f(y,6)

by (4.16), we have
// enyCov(vaf,Yy“s)IP) (Ga so( 5) éoc 80( )) (dx) (d}’)
Ax An{|x—y|<66}

N
s/exp (—;(27—04) (f(y,70) = 1) +7*f(y.0 ) B(y,60))o(dy).
A

On the other hand, if 6§ < |x — y/|, then
Cov(Y %, YY) < kf(y, (jx —y|
by (4.20) and accordingly the integral over the domain resricted to |x —y| > 66 of the righthand

—(e+9))vo)+Cn,

side of (4.40) is dominated by

1
/ / - <—(27 — )2 f(y, [x — y| + 8) + 1 2Cov(Y*<, W)) o (dx)o(dy)
Ax AN{66<|x—y|<n} 2

e’ ex 1 —a)? X —
S I C R E)
xexp (ky°f(y, (Ix = y| = (e +9)) v 9)) o (dx)o(dy).

Therefore we have (4.38) under (4.36) and (4.37). O
Proposition 4.11 Fizn > 0 and o > ~. For any Borel subset A of B(S — 1),
lim // E €?xy6”y+}7yﬁﬁ]_ a,e 1 a,e dx dy
€,0—0 AxAN{|x—y|>n} [ Gxl" G y,8 0:| ( ) ( )
// e’ TY)p (Gz N G 60) o(dx)o(dy) < oo (4.41)
AxAN{|x—y[>n}
where ~ o
Guit =Y < (a=7)f(x,T) —yRp*"(y), ¥r € (0,e0)} (4.42)
Ga o ={Y¥" <(a=)f(y,7) —7Rp¥"(x), Vr € (0,€0)}

Proof. Similarly to (4.40), we have

/ / £ {e?x’ew?ymlc,‘“fo1G‘*’50} o(dx)o(dy)
Ax An{x—y|>n} x Gy
- 72COV(YX’E7Y%5) o,e ~oe
//4XA0{|X y|>7]}]E [e lazeowance: O(XE)] o(dx)o(dy)

_ / / USRI (Gaeo(y,0) N G (x,2) ) a(dx)a(dy).  (4.43)
AxAN{|x—y|>n} ’
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By rewriting (4.39), we also have

)
G2(y,6) = (Y7 < (@ =) f(6,7) = (1, Rp®T), Vr € (e,0)}, (4.44)
Gy (x,e) = {YY7 < (@ =) f(y,T) = 7 {1, Ru¥T), Vr € (6,20)}.
Since Rp7(z) is continuous on B(S) by Lemma 4.4,
lgig(uy";,fiux@ = Ry (y), yeB(S-1). (4.45)

We now let v(a,e0,%,y,6,0) = P (é;’g;?(y,a) N ég’go(x, s)) . It follows from (4.45) and the
continuity of the finite dimensional Gaussian distribution function that

limsup v(a,e0,X,y,€,9)
€10, 50

<P ({Y™ < (a=)f(c7) = yBu(y), ¥r € (e1,20)}
AYYT < (@ = 3)f(y.7) = 7RIV (x), ¥r € (31,20)})
for arbitrarily fixed 1 < gg, d1 < €9. We then let §; | 0, €1 | 0 to obtain

limsup v(a,eg,%,y,¢&,0) < P(é;’::go N é;éo) (4.46)
€l0, 610
Fix any n > 0. By taking ro = 7 A % in Lemma 4.6, we find, for x,y € B(S — 1) with
|x — y| > 7, a constant My > 0 depending only on 7 such that |(u¥?, Ry*7")| < My for any
6 € (0,n/2) and 7 € (0,7 A %) According to the fine properties of the function f(x,r) in r stated
in the first part of this subsection, we see that 1 | 0 implies & = f~1(x, [f(x.€1)]) | 0. Hence
one can choose e1 > 0 with & < 7 A é so that 7 < 7 A % whenever r < 1. Further, if we let
D(x,e1) ={[f(x,7)] : 7 € (0,e1)}(C N), then D(x,e1) ={k € N: k> [f(x,e1)]}.
By using the tail distribution estimate (4.32), we therefore have for any ¢ € (0,7/2)

PGRE,0)) < P U 07> (a—nfeem) -y B}
ref~1(x,D(x,e1))
Z P (Yxf > (Ol — ’)/)f(x7f) _ 7<My,5, ﬁluxf>)
ref~1(x,D(x,e1))

<M > exp [—Wf(x,r)} =M > exp [—Wk] ,

2
ref~1(x,D(x,e1)) k>[f(x,e1)]

IN

where M = exp[(a — )7 Ms]. Hence lim,, 1o P(GYE (y,8)¢) = 0 uniformly in 8 € (0,7/2). Similarly
limg, 10 P(G,, ~°"51 5 (x,6)¢) = 0 uniformly in € € (0,7/2).
We Just saw that, for any small a > 0, there is b > 0 such that P(Ga ' (y,0)¢) < a for any
£1 < b uniformly in ¢ € (0,1/2), and P(G;’gl (x,6)¢) < a for any 01 < b uniformly in e € (0,7/2).
Let A, = {(x,y) € B(S—1)?: |x —y| > n}. It follows from
v(a, €0, X,y,6,0) > v(a,€0,X,y,€1,01) — P(Ga Sy, 0)°) — P(é;:gl (x,€)¢) that

li f 0)1
8116115110 v(a,€0,%,Y,€,0)14,((%,y))

> P ({Y™7 < (a = )f(x,7) = 7RI (y), V7 € (1,50))

YT < (0= ) F(yT) = YReYT (), ¥ € (B1,20)}) 1a, (x,3)) — 20,
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for any €1 < b, 61 < b. By letting 1 | 0,01 | 0 and then a | 0, we arrive at

lim inf v(a, 20,%,¥,€,0)La, (%)) = PGLE N GE0)La, (%, ¥)). (4.47)

On the set (B(S—1)xB(S—1))n{|x—y| > n}, (#*°, RuY°) is uniformly bounded and converges
to r(x,y) as €] 0,0 L 0 a.e. 0 X o by Proposition 4.7. Further ¢ x ¢(B(S —1) x B(S —1)) < oo.
Therefore we obtain (4.41) from (4.43), (4.46) and (4.47). 0

Recall the random variables I.(w) and J.(w) defined by (4.35).

Theorem 4.12 Assume that the conditions (4.36), (4.37) in Proposition 4.10 are fulfilled for some
a € (7,27). Then J.(w) converges in L*(Q;P) as e — 0. Furthermore, I.(w) is uniformly integrable
with respect to 0 < e <1 and A € B(B(S — 1)), and it converges in L*(Q,P) as e — 0.

Proof. For any ¢, € (0, ),
B - @] = [ [ B[ 0] aaxoty)
+//AXAE er'M'FYy’MleZolG; so] o(dx)o(dy)
_2//,4xAE {e?x’s’”r?y’ml(;z::o 103:20] o(dx)o(dy).

Express each of three integrals on A x A in the righthand side as a sum of integrals over (A x A)N
{lx —y| < n}and (A x A)N{|x —y| > n}. For an arbitrarily small a > 0, there exists n, > 0
such that each integral over (A x A) N {|x — y| < n} with n = n, is smaller than a uniformly in
€ > 0,0 > 0 by virtue of Proposition 4.10. On the other hand, the limits of the integrals over
(Ax A)N{|x—y| >n4} as €,0 — 0 exist and cancel each others by Proposition 4.11, resulting in
limsup, 5,0 E [|J:(w) — J5(w)|?] < 4a. Since a is arbitrary, we obtain the L-convergence of J.(w).

Proposition 4.8 says that, by taking small g, E(eyx’mlg\gzvgo) becomes arbitrarily small uni-
formly in 0 < & < gg and x € B(S — 1). Since E[(J.)?] is uniformly bounded relative to &, {J.} is
uniformly integrable. Hence {I.} is also uniformly integrable. As J. converges in L?(£2,P), it also

converges in L' (2, P). Noting that E[I. — .J.] is small uniformly relative to ¢ < o by taking small
€0, we also see that I converges in L'(£,P). O

In formulating the following theorem, we put D = B(S — 1). Consider the family M (D) of all
finite positive measures on (D, B(D)) equipped with the topology of weak convergence: pu,(D) €
M(D) converges to ,u € M(D) as n — oo if limy—oo(f, n) = (f,u) for any f € Cy(D), where

=[nf D . This topology is induced by the metric p on M(D) defined by

22 (s 1) = {gn, )| A L), v € M(D), (4.48)

where {gn} is a countable dense subfamily of C (7) (cf. IW, Prop.2.5]).

For each set A € B(D), the mtegral fA “Wg(dx) will be denoted by pe(A,w) instead of
I.(w). Notice that p.(-,w) € M(D) a
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Theorem 4.13 Assume that the conditions (4.36), (4.37) in Proposition 4.10 are fulfilled for some
a € (v,27). Then there exists u(-,w) € M(D) uniquely a.s. such that p.(-,w) converges in
probability to (-, w) as € | 0 relative to the metric p on M(D): for any § > 0,

Eigp(p(ue,ﬁ) >6) =0. (4.49)

Proof. Denote by A the family of rectangles in D of the form [ry, s1) X [re, s2) with rational
numbers r; < s; and ra < so. We also put Dy, = B(S —1—1/k), k > 1. By virtue of Theorem
4.12, for each A € B(D), pu-(A,w) converges in probability as € | 0 to a random variable which we
denote by p(A,w).

First we will prove that there exists a family of random variables {fi(A,w); A € B(D)} such
that 7i(-,w) € M(D) for almost all w € Q and

(A,w) = pu(A,w) forany A€ A, as. (4.50)

Further we will prove that any sequence €, | 0 admits a subsequence {e],} such that j (-,w) is
weakly convergent to 7i(-,w) as n — o0 a.s.

Take any sequence &, | 0. As the family A is countable, there exists its subsequence {e] } such
that limy, o0 pter (D, w) = p(D,w), limy 00 pler, (Dy,w) = p(Dg,w) for all k > 1 and limy, 00 prer (A, w) =
p(A,w) forall A € Aa.s. say forallw € Q' C Q with P(Q') = 1. Since limy, o0 pter (D,w) = p(D, w)
for all w € Q" and {u-(D);e > 0} is uniformly integrable by Theorem 4.12,

E[pu(D,w)] = ILm Elper (D,w)] = o(D) < oo.
Hence pu(D,w) < oo a.s. Similarly, since p(Dy,w) is non-decreasing relative to k and

lim E[u(D,w) — u(Dg,w)] = lim lim E[u. (D,w) — pier (Dg,w)] = lim o(D \ Dy) =0,
k—o0 k—o00 n—00 n n k—00
it follows that limy_,oo p(Dg,w) = p(D,w) a.s. Therefore, we may and shall assume that p(D,w) <
oo and limg_ oo (D, w) = pu(D,w) for all w € V.
For any A € A, let A° and A be the interior and the closure of A, respectively. Since pe(A°, w) <

te(A,w) < pe(A,w) and E[u:(A°)] = 0(A) = E[p:(A4)] by the stated assumption that o(0A) = 0,
E[u(A°)] = E[u(A)]. Hence u(A°,w) = u(A,w) = u(A,w) for almost all w and we may assume that
this holds for all w € .

Fix w € . For any § > 0, take a number kg such that pu(D,w) — pu(Dg,w) < du(D,w)/2 for any
k > ko. Further, there exists ng such that |puer (D \ Dy, w) — (u(D,w) — p( Dy, w))| < dp(D,w)/2
for any n > ng. Therefore . (D \ Dy) < per (D \ Dyy) < 6p(D,w) for any n > ng and k > ko.
By taking large kg if necessary, this holds for all n > 1 and k > kg. Since Dy, C Dj, C D and Dy,
is a compact subset of D, this means the uniform tightness of {y./ (-,w)}. As a consequence, any
subsequence of {e},} admits a further subsequence {e};} such that {j.»(-,w)} converges weakly to
some measure fi(-,w).

For any A € A, choose Cy, By, € A, k > 1, such that C}, increases to A° and By, decreases to A
as k — 0o. Then

and so
u(Cy) < (A°) < (A) < A(A) < w(BY), k> 1. (451)



It also follows from
Eflim (Cy)] = limo(Cy) = 0(A°) = E[u(4)] = 0(A) = limo(B}) = Ellim u(B})]

that
lim pi(Cr) = p(A) = lim p(By),  as.,

which combined with (4.51) yields (4.50).

Since this holds for any subsequence of {e;,} and A generates the Borel o-field B(D), per
converges weakly to 7t a.s. Actually every A € A is a fi-continuity set a.s.

We have seen that any sequence e, | 0 admits a subsequence {e},} such that lim,, o0 p(pter , i) =
0 a.s. and consequently lim,, ., P (p(,uexn,ﬁ) > 5) = 0 for any 6 > 0. This means (4.49). O

We call {i(A,w); A € B(D)} in the above theorem the Gaussian multiplicative chaos associated
with the Gaussian field G(£). We notice that, due to the uniform integrability of I in Theorem
4.12 and (4.50), E[n(A)] = 0(A) for any A € A, so that f is no-trivial if and only if so is 0. We
further notice that the validity of the conditions (4.36), (4.37) in Proposition 4.10 depends on the
choice of the measure o and the value x > 0 in (4.20). In examples in the next section, we examine
the possible range of the value + to ensure the validity of these conditions.

5 Examples of Gaussian multiplicative chaos for recurrent forms

Example 5.1 We consider the case that £ = C, m is the Lebesgue measure on C and (&, F) is
the regular recurrent Dirichlet form (3D¢, H*(C)) on L?(C) = L*(C;m), where

D¢ (u,v) = /(CVu(x) -Vu(x)dx, H'(C)={u€ L*(C);|Vu| € L*(C)}.

The associated diffusion M = (X4, P,) is the planar Brownian motion.
Clearly the conditions (B.1) and (B.2) are satisfied. We take

F=B(S+1)\B(S)

as an admissible set and let {Ru : p € My(C)} be the family of recurrent potentials relative to F
and p*" be the equilibrium measure for B(x,r)(C B(S)) relatove to F. The uniform probability

measure on 0B(x,r) will be denoted by v*". The logarithmic potential Uy of a measure p E./\O/lo (©)
on C is defined in §2.4 (III). mp will designate the probability measure defined by (3.15).

It holds then that
X,T

o =", (5.1)

and, for the version ﬁ;ﬁ"r of Ry*" introduced in Lemma 4.4,

D,.X,r o l 1 . ~ ~
Ry"(z) = - log ey 20(S) + (mp,Ump), forevery z € B(S), (5.2)
where £(S) is a constant defined by
E(S)——i2 lo (1+l)—l[lo (S+1)—1/2] (5.3)
w25+ 1) & [t ' '
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A proof will be given in the last part of this example. (5.2) means that the Robin constant for
B(x,r) equals

Fxr) = %log% —2(S) + (i, Uiing), (5.4)

which is independent of x € B(S), and consequently the condition (B.3) is trivially fulfilled.
Further (5.2) implies (4.19) with x = 1 so that (4.20) with x = 1 is fulfilled by Lemma 4.5.

The extended Dirichlet space F. is now the Beppo Levi space BL(C) as was mentioned in §2.4
(III). Let {X,;u € BL(C)} be the centered Gaussian field defined on a probability space (€2, B,P)
with covariance E[X,X,] = 1D¢(u,v) u,v € BL(C). Define Y*&7 by (4.31). We now check for
what v > 0 the conditions (4.36) and (4.37) with x = 1 are satisfied to ensure the convergence
in probability of random measures p-(A,w) = [, ¥ o(dx), A € B(B(S —1)) as £ | 0 toward
a non-trivial random measure on B(S — 1). Let o(dx) be a non-trivial positive finite measure on
B(S — 1) absolutely continuous with respect to the Lebesgue measure satisfying

/ o(B(y,r))o(dy) < C3r?, for some constant Cs > 0, (5.5)
B(S—1)

1
—1)x _

o fulfills (5.5) and (5.6) if its density function with respect to the Lebesgue measure is bounded.
For a given v > 0, we choose a such that

1 2
v<a<2y, —(2y-a?-Li2>0 (5.7)
27 T

We can actually find « sufficiently close to v and satisfying the property (5.7) provided that

v < 2/ (5.8)

In this section, K1 ~ Kg will denote some positive constants. By virtue of the simple expression
(5.4) of the Robin constant f(x,r), the integral in (4.36) is, under the assumption (5.5), dominated

(2y—ay?

2
by Kir~ 2= 7W7+2, which tends to 0 as r | 0 in view of the property (5.7), yielding (4.36).
Substituting (5.4) into the integral of the left hand side of (4.37) with k = 1 by assuming that
e < 0, we see that the integral equals

1
Ko // exp <(2v — a)’log(|x —y| + 5)>
AxAN{|x—y]|<n} 2m

< exp (—ZT log((Jx — y| — (¢ +8)) v 6>) o(dx)o(dy)

2
= / / (Jx — y| +6)2 9% 5% 5 (dx)o (dy)
AxAN{|x—y|<2(e+d)}

2
+K2//A ey }(Ix—y|+5)22(zw—a)z(|x—y|—(g+5))—lg(dx)a(dy)
x e+d)<|x—y|<n
=I+1I

Taking & € (0,2) with 5-(2y — a)? — 7772 +2—-2>0, we let

Ky = / / 1/1x — y*% o (dx)o(dy)
B(S—1)xB(S—1)
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which is finite by (5.6). Since |x —y| < 2(e + J) < 46 in the integrand of I,

- 2
I = K2// (Jx — y| + )3+ 21=)” |x_y|2—85—%%0(2dy~>
AXAN{|x—y|<e+d} ’X_y’ -z

< KoK(58)% 0P (45)2F 55 < Ky 3= 2E

Since 2(e 4+ 0) < |x —y| < n in the integrand of II,

—?/m

X — ~ o(dx)o(d

m < KQ// (2lx — y|)@—2)?/2m <|Y|) x - y[2-F 2o @)
AxAN{jx—y|<n} 2 X —y]

2 ~
< K; nﬁ(?yfa)zf%Jers‘

Hence (4.37) holds true.
Thus, by virtue of Theorem 4.13, the convergence in probability of random measures p.(-,w) as
¢ | 0 to a non-trivial random measure 7z on B(S — 1) relative to the metric (4.48) has been verified

for v € (0,2y/7).
Finally, in order to verify (5.1) and (5.2), we consider the spaces ./(./lo (C) of measures on C
stated in §2.4 (III). By [PS, Prop.3.4.9],

o 1 1
" eMo (C), and Uv*"(z)=—log—, zeC. (5.9)
v

x—z|Vr’

Furtherhmore, by virtue of [PS, Prop.3.4.11,Th.3.4.12], we see that, for B(x,r) C B(S), ™" admits
a probabilistic expression, by using the uniform probability measure spp() on the circle 9B(t),

(A = /8 o B Koty € Msomia(dy), A € BOBGx,1), Vi 2 S

in terms of the planar Brownian motion M = (X, Px). By integrating the both hand sides by tdt
from S to S+ 1 and deviding by (25 + 1), we obtain the identity (5.1) from the probabilistic
expression (4.16) of p™".

By (5.9), we have Uspp)(z) = % log W Consequently, by the same computation as above, we

see that mp G/{D/lo (C) and Ump(z) takes a constant value ¢ = ﬁ 5“ tlog 1dt for z € B(9).

It then follows from Lemma 3.7 and (mp, Uv*") = (Ump,v*") = £ that, for z € B(S),

~

R (z) = Uv™"(z) — Ump(z) — L+ (mp,Ump) = Uv™"(z) — 20 + (mp,Ump),

yielding (5.2). O

Example 5.2 We next examine the case that F = H, m is the Lebesgue measure on H and (€, F)
is the regular recurrent Dirichlet form (3§D, H'(H)) on L*(H) = L*(H; m), where

Dy(u,v) = /HVU(X) - Vo(x)dx, H'(H) = {u e L*(H);|Vu| € L*(H)}.

The associated diffusion Ml = (X, @m) is the reflecting Brownian motion (RBM in abbreviation) on
H.
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Clearly the conditions (B.1) and (B.2) are satisfied. We take F, = {x € H: S < |x| < S+ 1}
as an admissible set. Let {Ru : u € Mo(H)} be the family of recurrent potentials relative to F
and, forx €e Egy ={x e H: |x| <S—1, Sx > 1} and r € (0,1), let x™" be the equilibrium measure
for B(x,r)(C BL(S) ={y € H, |y| < S}) relative to F.

For a finite signed measure i on H with compact support, its logarithmic potential U u for RBM
is defined by

~ 1 1

- . 1 1
Up(x) = / k(x,y)u(dy), x € H, for k(x,y) = —log —— + —log ——,
i T Clx-yl w7 x—y

(5.10)

where, for y = (y1,y2), y* = (y1, —y2) denotes its reflection relative to OH. The collection of finite

signed measures y on H with compact support and with (|ul, (,A7|;i| ) < oo will be denoted by /{)/lo (H).
For each x € Ey and r € (0, 1), define a function Ry™" on H by (4.17) in terms of M, which is
a version of Ry*" and continuous on B, (.S). It then holds that for every z € B, (5)

~ 1 1 1 1 1 1
Ry*"(z) = —log———— + —log ——— — — log —— C 5.11
" (z) P v pae e og|XU_X*| +Cxyry  (5.11)
1 ~ =~
where Cxr = (", log ﬁ> —40(S) + (mp,, Umpg,). (5.12)
F—X

Here, o is the hitting time o, ) of M for B(x,r), £(S) is the constant defined by (5.3) and
mp, (A) = ﬁm(zﬁl NF.), A€ B(H). A proof will be given in the last part of this example.
(5.11) means that the Robin constant f(x,r) for B(x,r) C B4(S) equals

1 1
f(X> ’l“) = —log -+ Cx,r- (513)
T T

In view of (5.12), Cx, is uniformly bounded in (x,7) € Ey x (0,1), and consequently the condition
(B.3) with Ejy in place of B(S — 1) is fulfilled by virtue of (5.13). Since the second and third
terms on the right hand side of (5.11) are bounded in x € Ey, z € B4(S) and r € (0,1), (5.11)
implies (4.19) with x = 1 so that (4.20) with x = 1 and with Ey, B4 (S) in place of B(S —1), B(.5),
respectively, is also fulfilled.

The extended Dirichlet space F, is now the Beppo Levi space BL(H) over H defined by

BL(H) = {u € L3 .(H) : |Vu| € L*(H)}.

Let {X,;u € BL(H)} be the centered Gaussian field defined on a probability space (2, B,P) with
covariance E[X,X,] = %DH(u,v) u,v € BL(H). Define Y*" by (4.29). As the Robin constant
f(x,7) differs from 1log 1 by Cx, that is uniformly bounded in (x,r) € Ey x (0, 1), we can repeat
the same argument as in the preceding example to conclude that, for any non-trivial positive finite
measure o on Fy absolutely continuous with respect to the Lebesgue measure satisfying (5.5) and
(5.6) with Ey in place of B(S — 1), the random measures

2
pe (A w) = /Aexp <7YX’E - éf(x,e)) o(dx), A € B(B(Ey)),

on Fjy is convergent in probability to a non-trivial random measure &t on Ej relative to the present
counterpart of the metric (4.48) as € | 0 when « € (0,2/7).
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Finally, in order to verify (5.11) and (5.12), we first note two facts. It follows from (5.9), (5.10)
and [F2, Lem.3.4] that

1 1 1

X e\ H Tver =—1 — _ B.(S). 5.14
v et (), DV (s) = log o+ o e, m e B(S). (5.14)

By [F2, Lem. 3.4] again, [?mFJr(z) = Ump(z), z € H so that
g, €EMo (), Ump, (z) = 20(S) for every z € B,(S), (5.15)

where £(S) is the constant defined by (5.3).

By the RBM version [F2, Prop.3.2] of the fundamental identity for the logarithmic potentials,
we have, for any compact set K C H, Up(z) = HxUp(z) + REVE ju(z) — Wi (2) (1, 1). Substituting
p=v>" —mp,, K=B(x,r) and taking (5.14) and (5.15) into account, we get

1 7~ H\B(x,r) ~
log —~——| —Ump,(z) — RI\BGx, )mF+(z)

~ ~ 1 1 1~
Uv*"(z) = Umpg, (2z)+ —log—+ —E
(2) +(2) T roow - X, — x|

1 1 14
= —log—+ —E,
T rooT

log All — RIVB&imp (2), z € By(S),

| Xo — x*|

where o = OB(x,r)" On the other hand, we have by definition

Ry (z) = f(x,r) — RPN g (2), 2 € Bi(S).
It follows from the above two identities that

1
| Xo — x*|

Ry (z) = Uv™'(2) + f(x,r) — —log — — —E, ;2 € BL(9). (5.16)

We next show that the uniform probability measure v" on 0B(x,7) belongs to the space
My(H) when B(x,r) C B4+ (S). We know from (5.1) that v*" € My(C), or equivalently, there
eixists a constant C' > 0 with

2
1
(/ ledvx”) <C (QDc(%sO) + /SOdeF> , for any ¢ € C;(C). (5.17)

Define C(H) = C}(C)|; and extend any ¢ € C(H) to @ € C}(C) by reflection relative to 9H:
?(y) = o(y*), Sy < 0. We then get from (5.17) the same inequality holding for ¢ € C(H) with
20, Dy, mp, in place of C, D¢, mp, respectively, which means that ™" € Mo(H) on account of
[FOT, Lem.6.1.1].

Lemma 3.7 applied to %" € My(H)N ,/\o/lo (H) along with (5.15) leads us to
RV (z) = Uv™"(2) + C, with C = —44(S) + (g, .Ump, ),
for q.e. z € H. This combined with (5.14) yields
~ ~ 1 1
f(X,T) = <Rlux,r’yx,r> — <MX’T,RVX’T> — <,ux,r’ UVx,r) +C == logf + Cx,r-
oo

By substituting this into (5.16), we arrive at (5.11) and (5.12).
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Example 5.3 Finally in this subsection, we consider the case that F = C, m is the Lebesgue
measure on C and (£, F) is the regular recurrent Dirichlet form (a, H'(C)) on L?(C) = L%(C;m),
where the form a is defined by (1.2) by means of measurable coefficients a;;(x), 1 <i,j7 <2, on C
satisfying the uniform ellipticity (1.3) for some positive constants A < A. The associated diffusion
on C will be denoted by M = (Xy,P,) (cf. [FOT, Exa.4.5.2]).

It is well known that the condition (B.1) is fulfilled by this example (see [BGK] and references
therein). According to [LSW], the regularity of the boundary point for the Dirichlet problem on
an open set is equivalent to that for the case of Example 5.1. Therefore condition (B.2) is also
fulfilled by Proposition 4.3.

Analogously to Example 5.1, we take F' = B(S + 1) \ B(S) as an admissible set and let { Ry :
€ Mo(C)} be the family of recurrent potentials relative to F', 4*" be the equilibrium measure
for B(x,r)(C B(S)) relative to F' and f(x,r) be the corresponding Robin constant.

Example 5.1 is a special case of the present one where a;;(x) = 18;;. According to (5.4), the
Robin constant for B(x,r) in this special case is given by Llog2 + ¢1(S) for a constant ¢1(S) =
—20(S) + (mp,Ump) with £(5) of (5.3). Therefore we obtain from Proposition 3.6 the bound

21 ( log +el(5)> < fx,r) < % (jrlogi +£1(S)> . (5.18)
which particularly means that the condition (B.3) is fulfilled with Cy = A/\.

We have verified by Lemma 4.6 (iii) that (4.19) is valid for k = C7; in a general setting so that
(4.20) is fulfilled with this big constant x accordong to Lemma 4.5 (ii). However, if we make some
smoothness assumption on the coefficients a;j(x), 1 < i,j < 2 in the present case, we can attain
a much better choice of k: £ = A/A which equals 1 in the case that a;;(x) = Cd;; for a constant
C > 0 as in Example 5.1.

Proposition 5.4 Ifa;;j(x) and their first derivatives are Holder continuous on C, then (4.19) holds
for k = A/ so that (4.20) is filfilled with this constant k.

A proof of this proposition will be given in Appendix (subsection 7.2) by making use of a
construction of a fundamental solution for a from a parametrix

1 2
Radarrr i P ) o

as is stated in [Fr, §5.6]. Here (a/(y)) denotes the inverse matrix of (a;;(y)).

The conditions (4.36) and (4.37) (for the constant  in (4.20)) can be verified to hold for certain
values of v > 0 as Example 5.1 by using (5.18). In fact, if 0 < v < a < 2y and o satisfies (5.5) and
(5.6), then

[ exo (=520 @2@.70) +210.0)) (B3 69)o(a)
A

1 2
< K 2v — )1 T 2
< Gexp< A a)? 0g75+2 5 5)5

< K75(2’y—o¢) /47rA—72/27r/\+2_ (520)
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Similarly, the integral in (4.37) is estimated as

1
/ exp (20— Pr(y. b y14))
AXAN{|x—y|<n}
2

< exp (Vuf(y, (Ix = y| = (e +6)) v 9)) o(dx)o(dy)
~

< x| exp< (27 — o) log([x - y|+5>—log5) o(dx)or(dy)
AxAN{|x—y|<2(e+d)} 4 A 2w\

+Ks/ exp< (27 — a)®log(|x — y| + ) — 710g(lx—y! - (€+5))> o(dx)o(dy)
Ax AN{2(e+6)<|x—y|<n} 2mA
=T +1I.

In the same way as in Example 5.1, we see that, for £ € (0, 2),

2y — a)? VK = o2 2 s
I < ( - 2-¢ ~ (2y—)? /ATA—~*K /2T A+2 €
I' < Kgexp (47TA log(59) ErY logd ) (46)°° < Kg0

Furthermore, we can see that

IU < Kon(27—e)?/AnA—yk/2m0+2-¢

provided that the exponent appearing on the righthand side is positive for some g > 0.

1
Therefore (4.36) and (4.37) are satisfied if the inequality H(27 —a)?— ﬂ +2 > 0 holds for
T

some « € (v,2v) with x > 1. This condition is fulfilled provided that

[ 2mAA

Let {X,;u € BL(C)} be the centered Gaussian field defined on a probability space (€2, B,P)
with covariance E[X,X,] = a(u,v) u,v € BL(C). Define Y*" by (4.29). Define u.(A,w) =
[4exp(yY®F — 72 (x,€))o(dx) for a non-trivial positive finite measure ¢ on B(S — 1) satisfy-
ing (5.5) and (5.6) and for A € B(B(S — 1)), w € Q by taking Proposition 4.9 into account. As in
Example 5.1, the convergence in probability of the random measures p.(-,w) toward a non-trivial
random measure 7 relative to the metric (4.48) as € | 0 is legitimate for v in this region according

to Theorem 4.13. If a;; € C?(C), then, by Propostion 5.4, the range (5.21) equals (0, 2 22/(2’\72;&2),
which reduces to (0,2,/7) when a;;(x) = 38;;.

6 GMCs via equilibrium potentials for transient forms

6.1 Construction of Gaussian multiplicative chaos for transient forms

In this subtsection, we assume that F is an open subset of C and m is the Lebesgue measure on E.
We consider a regular transient strongly local Dirichlet form (€, F) on L?(E;m) and the associated
diffusion process M = (X;,P,) on E. We fix a bounded open set Ey with Ey C E and aim at
constructing Gaussian multiplicative chas on Ey. We choose a > 0 such that the a-neighborhood
of Ey is contained in F.

The transition function {P;, ¢ > 0} of M is assumed to satisfy the absolute continuity condition
(AC) with N = () and some more:

38



(C.1) (i) Pi(x,-) is absolutely continuous with respect to m for each ¢ > 0 and x € E with a
density function py(x,y) jointly continuous in ¢ > 0, x,y € E.

(ii) pi(x,y) admits a Gaussian upper bound: for some constants K > 0, k > 0,
K
p(x,y) < 76"“"“”2”, x,y € E,t > 0.

The resolvent kernel {R,,« > 0} of M then admits a density function r,(x,y), X,y € E, with
respect to m possessing properties [FO, (2.10),(2.11)]. We let 7(x,y) = limq o 7a(x,y) and write
Ru(x) = [r(x,y)u(dy), x € E, for a positive Radon measure p on E. Let S(()O) be the family of
positive Radon measures on E of finite 0-order energy and Uu € F. be the 0-order potential of
€ Séo). As the proof of [FO, Prop.2,5 (ii)], we see that u € S(()O) if and only if (u, Ry) < oo and
in this case Ry is the excessive version of Up.

Consider a compact set B C E whose 0-order capacity Cap(o)(B) is positive. As has been
explained in the last part of Section 3, there exists a unique measure ug € Séo) supported by B
such that

Rup(y) =Py(op < 00), foreveryy e E. (6.1)

The equality holds for every y € E because the both hand sides are excessive functions of y. up
has been called the 0-order equilibrium measure of B, but we consider instead the remormalized
equlibrium measure u® of B defined by (3.20). u” is a probability measure concentrated on B
(actually on 0B) and

1

RNB (y) = Cap(o)(B)

Py(op < o00), foreveryye FE,

so that present counterpart of the Robin constant of B equals 1/Cap® (B).
Let us denote the closed disk {y € C: |y — z| < r} by B(x,r). For B(x,r) C E, define

o = pPe0, - f(xr) = 1/Cap® (B(x, 7). (6.2)

We then have
R (y) = f(x,r)Py(0px,) < 0), foreveryye E. (6.3)

We now make the following additional assumptions.

(C.2) Any non-negative £-harmonic function u € F. on an open set G C E has an m-version u
that is continuous on G and satisfies the Harnack inequality (4.2) for any B(x,r) C G.

(C.3) For any x € Ep, the one-point set {x} is of zero capacity relative to £.

(C.4) For any disk B with B C E, every point of 9B is regular for B and for the Dirichlet problem
on E\ B.

(C.5) There exists a constant Cy > 0 such that
sup{f(y,r):y € Eo} < Coinf{f(y,r):y € Eo}, 7€ (0,a).

We state important properties of {u*", f(x,r)} defined by (6.2) under the above assumptions.
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Proposition 6.1 (i) lim, o f(x,r) = oo for any x € E.
(ii) For any ro € (0,a/3),the uniform bound (4.22) holds true for R and Ey in place of RY and
B(S — 1), respectively.
(iii) There exist constants k > 1 and C1 > 0 such that, for all x,y € Ey and 0 < ¢ < § with
40 < |x —y| < a/3,

(W R ) < kf(y, |x = y| = (¢ +8)) + Ch. (6.4)

(iv) For any n € (0,a/2), Proposition 4.7 (ii) holds true for Ey and r(x,y) in place of B(S — 1)
and t(x,y), respectively.

(v) For each x € E, f(x,r) is strictly decreasing and continuous in r > 0.

(vi) The mapping x € Ey — Rp*" € F. is continuous.

Proof. (i) follows directly from (6.2) and the assumption (C.3).
(ii). As in the proof of Lemma 4.6, the assumption (C.2) implies that, for y € Ey and 0 < 2r <
ro < a/3,

max{RuY"(w) : w € 0B(y,r0)} < CLmin{RuY"(w): w € 0B(y,ro)}. (6.5)

By a similar argument made below (4.25), we have RuY"(x) = Hyp(yro)Rp¥"(x) for any x €
E\ B(y,ro), so that Rp¥"(x) < maxyeop(y,ro) B (W) < CT(RpY™, uym0) = CT f(y,r0), which
is bounded in y € Ey by (C.5).

(ii). (6.4) for k = CT;, C1 = 0 follows from (6.5) as Lemma 4.5 (ii) using the similar argument to
the above.

(iv) can be proved as in subsection 7.1 using (C.1) and (ii).

(v). For C € B(E), denote by pc(y) the the hitting probability Py (0c < 00), y € E. In particular,
we consider the function v = pg, .y for B(x,r) C E. Then v € F¢ and E(v.v) = Cap @ (B(x,1)).
In the same way as the proof of Lemma 4.4, we can deduce from the assumption (C.2) that v is
&-harmonic and continuous on E\ B(x,7). Moreover, the assumption (C.4) implies that v is equal
to 1 on B(x,7) and continuous on E. But v is not identically 1 on E. If v were identically equals
1 on E, we see, by choosing v, € F. N C.(F) that is E-convergent to 1, £(1,1) = limy, 00 E(vy, 1)
which vanishes by the strong locality, contradicting to a transience criterion [FOT, (1.5.8)].

In view of (6.2), it suffices to show that Cap®(B(x,r)) is strictly increasing and continuous
in 7. Obviously it is non-decreasing. If Cap® (B(x,r1)) = Cap(®(B(x,ry)) for some 0 < r; < ry,
then, by the 0-order version of [FOT, Th.2.1.5], PB(x,r1) equals PB(x,r2) identically, contradicting to
the maximum principle for the non-constant harmonic function PB(x,r) O E\ B(x,r1). Its right

continuity follows from [FOT, §A.1 (¢)]. If 7, T r, then Cap®(B(x,r,)) 1 Cap® (B(x,r)). Since
OB(xr) = OB(xy) &S by the assumption (C.4), we have from [FOT, Th.4.3.3], Cap(o)(B(x,r)) =

E(PBx,r) PB(xr)) = E(pg(xm),pg(xm)) = Cap® (B(x,r)), yielding the left continuity.
(vi), It follows from (6.2) and (6.3) that

X,T1

E(RpY" — Rp™", Rp>* — Rp™") = f(y,r) + f(x,r) = 2(u™", Ru¥"").

Denote pp(x,) and pigx ) by pxr and px,r, repectively. Define
_m.—op E\B(r) £/ .\ _ 7Bxm)
€ (2) = Bple7P0en], REVTOVS(2) = By f(Xs)ds].
0

TheP we have the identity px, = ex, + RE\B(x,7) exrs because the bothhand sides are equal to 1
on B(x,r) on account (C.4) and E-harmonic on E \ B(x,r) (see [FOT, §2,84]).
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On the other hand, we have from (4.33), P,(limy 00 05(y, ;) = Tpxy) = 1, 2 € E, for any
sequence y, € Ep converging to x € Ej. The above identity then implies lim, o py, r(2) =
px,r(z), z € E, and consequently,

lim py »(z) = pxr(z), for every z € E. (6.6)

y—xX

Now take a disk B C E containing B(x,7) U B(y,r). It follows from (6.6) that, as y = X,
Cap(B(y,7)) = py.+(B(y,r)) = {tty.r, Riug) = (py.r, ) tends to Cap®) (B(x, 7)) = pixr(B(x,7))
(txr, Rug) = (px,r ). Namely, f(y,r) = f(x,7) as y — x. By taking B = B(x,r), we also have
(ty vy Rtx,r) = (tixe,rs Ritxr), ¥ — X, arriving at the desired continuity (vi). O

Thus all the assertions made in subsection 4.2 for recurrent cases can be carried over to the
present transient cases straightforwardly. To be more precise, for the centered Gaussian field
{Xy : u € Fe} with covariance E[ X, X,] = E(u,v), u,v € F, define

_ 2
Y = Xpyee, YOO =4Y>° — %f(x,s), x € Eg, €€ (0,1), v> 0. (6.7)

by using present transient equilibrium potential Ry™" and the Robin constant f(x,r) in (6.2) and
(6.3). Note that E[(Y*¢)?] = f(x,¢).

For a positive Radon measure o on FEy absolutely continuous with respect to the Lebesgue
measure with a strictly positive bounded density, put

1 (A w) = /A 77 oldx), A € B(Ep). (6.8)

Owing to Proposition 6.1 (vi), for each &, one can choose as Proposition 4.9 a measurable function
Y (x,e,w) on (x,w) € Ey x § such that, for o-a.e. x € Ep, Y (x,¢,w) = Y*(w) P-a.e. The integral
in the above makes sense for this version and gives a random measure on Ej.

Analogously to Theorem 4.13, we obtain

Theorem 6.2 Assume that, for some a € (v,27), conditions (4.36) and (4.37) with the constant
k in (6.4) are fulfilled. Then, ase | 0, p:(-,w) converges in probability to a non-degenerate random
measure Ti(-,w) on (Ey, B(Ey)) relative to the metric p defined by (4.48) for Ey in place of D =
B(S—-1).

In the rest of this subsection and in the next subsection as well, we shall work with transient
Dirichlet forms associated with absorbing Brownian motions on planar domains. Let M = (X}, Px)
be the Brownian motion on the complex plane C. Let D be a domain in C with C\ D being
non-polar and MP be the absorbing Brownian motion on D obtained from M by killing upon its
leaving time 7p from D. Then MP is transient and (€, F) = (3Dp, H} (D)) is the regular transient
strongly regular Dirichlet form on L2(D) of MP. Here

Dp(u,v) :/ Vu(x) - Vo(x)dx, HYD)={uc L*D):|Vu| € L*(D)},
D
and H}(D) is the closure of C}(D) in this space. The extended Dirichlet space JF. of (£, F) equals

the extended Sobolev space H&E(D) that can be obtained by completing the space Cl(D) with

respect to the 0-order Dirichlet norm /D p(u,u). In the following example, we apply Theorem 6.2
to the case that D is a bounded domain of C.
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Example 6.3 Assuming that D is a bounded domain of C, we consider the absorbing Brownian
motion Mp on D and the associated Dirichlet form (§Dp.H}(D)) on L?(D) as above. Due to
a Poincaré inequality ([FOT, Example 1.5.1], the extended Dirichlet space H&e(D) is the space
H&(D) itself which is a real Hilbert space with the 0-order inner product %D p(u,v).

Using the planar BM M = (X, Py), the resolvent density {ro(x,y), a >0, x,y € D} of MP
is defined by

1 x—y|?

[ee]
Ta(X,¥) = ga(%,y) — Exle” ™ ga(Xrp, )], %me/)f“%;_ﬂcﬁ
0

The 0-order resolvent density of M? is defined by r(x,y) = lima 0 7a(X,y), X,y € D.
The fundamental identity for logarithmic potentials due to S.C. Port and C.J. Stone [PS, Th.3.4.2]
says that

T<X7 y) - k(X, y) - Ex[k<XTD7y)L x,y €C, (6'9)

where k is the logarithmic kernel defiend by k(x,y) = % log Fly\’ x,y € C. Generally the righthand

side involves an extra additional term Wg\ p(x) which disappears under the present assumption on
the boundedness of D.

The present Dirichlet form (3D p, H}(D)) on L?(D) and the associated diffusion M” obviously
satisfy the conditions (C.1) (ii), (C.2), (C.3) and (C.4). The condition (C.1) (i) follows
from Theorem 3.1 in [BGK] by taking X = C,(£,F) = (:Dp,H'(C)) and @ = D. We let
Dy = {x € D : dist(x,0D) > 1}, and consider for the closed disk B(x,r) with x € Dy, r € (0,1)
its renormalized equilibrium measure 1" and the Robin constant f(x,r) defined by (6.2). Then,
by (6.3), the renormalized equilibrium potential Ry*" € HE(D) has the expression Ru*"(y) =
f(x, T)Py(a'g(xm) < Tp), Yy € D, in terms of the planar Brownian motion M = (X;, Py).

We consider again the uniform probability measure v*" on 9B(x,r). It follows from (6.9) and
(5.9) that

1 1 1 1
xr e SO Ry(z) = —log ————— — ~E, |log ———
e , R(z) WOg]x—z]\/r 7T Og|XTD—X| ’

and so 1 1
(", Rv*") = —log — + £(x,T), (6.10)

T oo

where
(%,7) = — 2B |log ———— (6.11)
') = T wxr g|X‘rD_X| . :

Since the left hand side of (6.10) equals (Ru™", v*") = f(x,r), we obtain
1 1
f(x,r)= - log; +/0(x,7r) x€ Dy, re(0.l1). (6.12)

for £(x,r) given by (6.11). By (6.11), £(x,r) is bounded in x € Dg uniformly in r € (0, 1). Therefore,
by (6.12), the condition (C.5) is fulfilled.

Property (6.4) now holds with x = 1. In order to verify this, take any x,y € Dy, and any
g, 0 € (0,1/2) with 1 > |x —y| > € + 4. It then follows from (6.9) that

(e, Rpy?) =1 —1I, where
I= % fBB(x,S)XBB(y,é) log \zflzﬂux’a(dz)uy’é(dzl)) (613)
=1 [opvonty.s 108 g Puxe (Xrp, € d€)p(dz).
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As|z—2'| > |x—y|—e—0 for z € 0B(x,¢) and 2’ € 9B(y, ), we have

1

_. .14
x—y|—e—9 (6.14)

1< 1 log
0
Since dist(0D,0B(y,d)) > 1/2, and D is bounded, II is uniformly bounded. Hence (6.12) and
(6.14) imply that the property (6.4) with x = 1 is fulfilled.

Let {X,;u € HE(D)} be the centered Gaussian field defined on a probability space (£, B,P)
with covariance E(X,X,) = 3Dp(u,v), u,v € H}(D). Define Y*" and Y*&7 by (6.7). Define
te(A,w) by (6.8) for a positive finite measure o on Dy specified there. Then we can use Theorem
6.2 along with the expression (6.12) of f(x,r) in the same way as in Example 5.1 to get the stated
convergence of u.(-,w) as e | 0 for v € (0,2/7).

6.2 Transformations of GMCs by conformal maps

Let D and D be domains of C with C \'D and C\ D being non-polar with respect to the Brownian
motion on C, and % be a conformal map from D onto D. We write

w(x+iy):u+iv€ﬁ, x+iy € D.

We consider the Dirichlet form € = (1D p, H3 (D)) (resp.€ = (3D 5, Hi(D))) on L*(D) (vesp.L?(D))
and its extended Dirichlet space H& (D) (resp.H& e(1/5)) as was described preceding to Example 6.3.
For a function f on D, define a function ¥ f on D by (Uf)(u+iv) = foyp Hu+iv), ut+iv e D.
We then readily obtain

Hy(D)={Uf : f € HL(D)}, [Dp(Vf, %)= Do(fig) fgeHL (D).  (615)

2
VU is a bijection between H&}e(D) and H&e(ﬁ)

We first note the conformal invariance of potential theoretic notions. For any subset A of D,
Cap®) (A) denotes its 0-order capacity with respect to the Dirichlet form £ and, for A € B(D), pa
denotes its hitting probability of the absorbing Brownian motion MP”: p4(x) = P2 (04 < o0), x €
D. The correponding notions for D will be designated with ~.

Lemma 6.4 (i) It holds for any set A C D that

Cap® (4) = Cap” (1(A)). (6.16)

A set A C D is E-polar iff P(A) is g-polar. A function f on D is E-quasi-continuous iff ¥ f is

E-quasi-continuous.
(ii) For any A € B(D) with Cap®(A) < cc.

Upaly) = Dyay(y), for E—qe. yeD. (6.17)

Proof. (i). It suffices to show (6.16) for any open set A C D. Then, Cap®(A) = inf{IDp(f, f) :
feHj (D), f>1ae. on A}, which combined with (6.15) yields (6.16).

(ii). By the 0-order version of [FOT, Th.2.1.5] and [FOT, Th.4.3.3], p4 is £-quasi-continuous func-
tion in H&e(D) and characterized by the conditions that py = 1 £-q.e. on A and 3Dp(pa,v) >
0, for any v € Hj (D) with ¥ > 0 £-q.e. on A, which combined with (i) and (6.15) yields (6.17).
a
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For any compact set B C D with Cap(®)(B) > 0, the (renormalized) equilibrium potential p?
and the Robin constant ¢(B) of B are given by p? = pp/Cap®(B) and ¢(B) = 1/Cap®(B),
respectively. The above lemma implies

UpP =p¥P), o(B) =2(y(B)). (6.18)

Let G(&) = {Xy; f € Hj (D)} be the centered Gaussian field indexed by Hg (D) defined on
a probability space (2, B,P) with E[X;X,] = %DD(f,g), fig € H&S(D). For any f € H&e(ﬁ),
Ul e Hj (D) by (6.15) so that one may define the random variable

Xp=Xyr (6.19)
(6.15) then implies that G( £) = { ~ife H&e(f))} becomes a centered Gaussian field indexed by
Hj (D) with E[X ;:X;5] = (f g) £.5 € H} (D). It further follows from (6.18) that, for any
compact set B C D with Cap ( ) >0,

Xoum = X5, (6.20)

We now consider a bounded open set Dy with Do C D and choose, for each x € Dy, a family
{B(x,¢),e > 0} of compact sets with

x € B°(x,¢), B(x,¢) € D, Cap¥(B(x,¢)) >0V e >0, and B(x,e) | {x}ase |0,
where B°(x,¢) denotes the interior of B(x,c). We assume that for each € > 0
themap x € Dy topP&e) e H&}e(D) is continuous. (6.21)
Define
Y*f = X,5(xe) s f(x,e) = l/Cap(O)(B(x,e)), x € Dg,e > 0. (6.22)

We fix a constant v > 0. Given a finite positive measure o on Dy, we introduce a random
measure (-, w) on Dy by

2
pe(A,w) = /Aexp <nyx’E — éf(x,s)) o(dx), A e B(Dy). (6.23)

Here Y>¢ in (6.22) is chosen to be its measurable version of x, namely, a function Y (x,w) mea-
surable in (x,w) € Dy x Q such that, for o-a.e. x € Dy, Y (x,w) = Y*%(w) for P-a.e. w € Q. The
existence of such a version is ensured by the assumption (6.21) as in the proof of Proposition 4.9.

Let M(Dy) be the space of all finite positive measures on Dy equipped with the topology of the
weak convergence, which can be induced by the metric p(u,v), p,v € M(Dy), defined by (4.48)
using any countable dense subfamily {g,} of C(Dy).

Notice that u.(-,w) € M(Dg) for almost all w € Q. If there exists v(-,w) € M(Dyp) such
that lim. o P(p(pe,v) > 6) = 0 for any § > 0, then we say that the Gaussian field G(E) admits a
multiplicative chaos v(-,w) on Dy relative to o and {B(x,¢), x € Dy, € > 0}.

Put D[) = 1(Dy). Let us define, for y € Do, e >0,

B(y,e) = ¢(B@'y,2)), YV =X .., [v,e)=1/Cap©@(Bly,e).  (6.24)

{é(y, €)1y € ﬁo,&' > 0} is then a family of compact subsets of Dy containing y in the interior
with B(y,e) | {y} as € | 0. We further let

G=v¢-0: 3C)=0a C)), CeB(Dy). (6.25)
For instance, when o is the Lebegue measure dxidzy on Dy, o(dy1dy2) = W dyrdyo.
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Theorem 6.5 Let v be a conformal map from D onto D. G(&) admits a multiplicative chaos v

~

on Dy relative to o and {B(x,¢),x € Dy, € > 0} if and only if G(E) admits a multiplicative chaos

A

U on Dy = ¢(Dy) relative to & defined by (6.25) and {é(y,e),y € Do, € > 0} defined by (6.24).
In this case, U is the image measure of v by ¢: D(C) =v(xp~1(C)), C € B(Dy).

Proof. It follows from (6.20) and (6.24) that

~

yye — waly,s’ fly,e) = f(¢_1y,€), y € ﬁ’ e>0. (6.26)

Therefore

~

R 2
(gns pie) = /DO gn(x) exp <VYY:€ _ ’;f(yﬁ)) |y— o0 (%)

A~ 2 ~
= [ warew (77 - v ady) = (B0

We also have (g,,v) = (Vg,, V) for the image measure v of v by ¥. The assertion of theorem follows
by noting that {¥g,, n > 1} is dense in the space of all continuous functions on the closure of Dj.
O

7 Appendix

7.1 Proof of Proposition 4.7

Proof of Proposition 4.7 (i)
Using the function 71 (x,y), x,y € F, in (4.13), define

Mx,y) =f(xy), M(xy)= /fl(x, z)v‘?il(z,y)mp(dz), n > 2.

1 (x,y) is the density function of the kernel R™(x,dy) on (F, B(E)) with respect to mp. RM(x,dy)
is mp-symmetric and R1p(x) =1, x € F, so that mp R} = mp. Consequently,

R (x, A) — fivp(4) = /F Ry (x, A) — RY(x, A)Jp(dx), A€ B(F).

Denote by ||u|| the total variation of a signed measure p on F', We then get from the above identity
and an estimate [FO, (3.4)]

sup ||RY(x,-) — mp(-)]] < 29", for some constant v € (0, 1). (7.1)
xer

Therefore, if we let
P (x, A) = / > (F(x,y) — 1/m(F)*mp(dy), x € F, A€ B(F), (7.2)
A n=1

then, #(F) (x, A), 7#(7)(x, A) are positive kernels on (F, B(F)) satisfying supy p #*) (x, F) < 0o and,
for any ¢ € L®(F;mp),

Ro(x) = AF(+)(x,dy)¢(y) - /Ff(_)(x, dy)p(y) for m—a.e. x € F. (7.3)
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on account of (4.14). This identity can be readily verified to hold also for ¢ € L?(F;mp).

Define () (x,y) = I foFrg(x,z)f(i)(z,dw)rg(w,y)mF(dz) for x,y € C, r®)(x,y) are
symmetric and MY-excessive for each variable x and y. [ r(H (x,y)h(y)m(dy) is finite for each
x € C for any non-negative bounded Borel function h on C vanishing outside a bounded set, because
R9h is bounded on C by Lemma 3.1 and so ¢(z) = [ #(+)(z,dw)RIh(w) is bounded on F by a
constant C' > 0, and furthermore [ ™) (x,y)h(y)m(dy) = RI(1p -1)(x) < CRIg(x) = C in view
of [FO, (3.28)]. Therefore r*)(x,y) is finite for m-a.e.y and hence q.e.y € C.

We see from (4.14) that, for ¢ € L*(F;mp), R = Rip — (mp,¢) + RiRp. Consider any
We Sg’(o) with u(C) < oo. Since Ry € L*(C,mp) and (mp, R9u) = ﬁ(Rgg,m = u(C)/m(F),
we have

HpR(1pR%p)(x) = RY(1p R p)(x) — u(C)/m(F) + R*(1pR(1pRp))(x), x € C,

which combined with (4.12) and (7.3) implies that Ry admits an expression (4.26) by a kernel
t(x,y) defined by

t(x,y) :/Frg(x,z)rg(z,y)mF(dz)—f—r(+)(X,y)—r(_)(x,y)+rg(x,y)—2/m(F), x,y € C. (74)

t(x,y) is symmetric and, for each x € C, it is a difference of M9-excessive functions finite for q.e.
y € C. This property for the first term of the righthand side can be verified in a similar way to the
proof for other terms given previously. O

Proof of Proposition 4.7 (ii)

We take x,y € B(S—1) with |x —y| > 7. Since there exists a constant Ms such that |1§uy?’”2| < My
on B(x,7n/8) for any 2 < /8 by Lemma 4.6, the stated uniform boundedness of (u*"™, RuY"?) =
(u*, RuY"2) holds true. To prove (4.27), we first show that

lim (", RIp¥"™?) =rI(x,y), (7.5)
r1,m210

for m x m-a.e. (x,y) € B(S—1)x B(S—-1)n{(x,y):|x—y|>n}
Since e~tp(z, w) < p}(z,w) < pi(z, w), we can use (4.1) to find for any € > 0 a positive tg
satisfying

t t

K.

/pg(Z,W)ds</ 22 = %kan* /16545 < ¢ (7.6)
0 0o S

for any ¢ < to and z, w € F such that |z — w| > 3n/4. In particular, [ (%™, P{u¥"2)ds < e.

Let M; be a constant satisfying RIuY""2 < M; on C\ B(y,n/2) for all 7o < n/8. Such constant
M, exists by Lemma 4.6. By (4.1) and the tail estimate (4.32), we may assume that, by taking
smaller ¢g > 0 if necessary,

K
/ P (z, w)m(dw) < / 22 kWt guy < o/ Jigte= O R2/64 o E
C\B(x,n/2) {|w|>3n/8} t My

for all t <ty and z € B(x,7/8). In particular,

(WP Leyp(s—1/ B = / / pi (2, W)le\p(s—1/2) (W) RO " (w)m(dw) " (dz)
My

/ ,ux’”(dz)/ pl(z,w)m(dw) <e. (7.7)
B(x,n/8) C\B(x,1/2)
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Put D(y) = B(S —1/2) \ B(y, n/2). Since p!(z, w) < (Kz/t)e"%27"/64 for any z € B(x,7/8)
and w € B(y,n/2) and RI1p(5_1) < My on C for some constant My by Lemma 3.1 (i),
xX.r r K2 _ 2 r K2M4 _ 2
(T P Ay 2y - RIpYT2) < ==Y T, ROy ) < =2 =TT/ <o (78)

for any t < to by taking smaller ¢ if necessary. Further, since the distance between F' and B(x,7/8)
exceeds 1/2, we get by putting A; = fg 1p(X5)ds,

Po(2. D(y)) — PA(2. D(y)) = Eu [(1—e0)1p)(Xi)] <E, [ / °1F<Xs>ds}

to K F
< /0 277;()@—’“2/450[3 for any z € B(x,7/8).

Hence we may also assume that
(o (P — PHY(ApRIpY ™)) < e for all ¢ < 1o, (7.9)

because RYp*"™ < M; on D(y).
Therefore, in the decomposition

t
(W= RO ") = /O (ot PIp ") ds + (", PRI ")

t
= /O (=", PYp¥")ds + (W Py 1oyp(s—1/2) - R70™)

HPY Ly ) - RIPY2) + (@7, (P = P)(1pgy) RIp¥"™))
+(*", Bi(1p) RO p”"2)),

the sum of the first four terms of the righthand side is smaller than 4¢ for any r1,79 € (0,77/8) and
t < to.

Since p;(z,w) is uniformly continuous relative to (z,w) on B(x,7/8) x D(y), by putting
§(t,r1) = sup{|pi(z, w) — pe(x,w)| : z € B(x,71),w € D(y)}, we can see that the difference of
the last term of the righthand side and fD(y) pe(x, w)RIpY "2 (w)m(dw) is smaller than Md(t,r1)
which converges to zero as r1 | 0 for each ¢ < to. Furthermore, for fX(w) = 1py)(W)pi(x, w),
RI9 f¥ is E-harmonic on B(y,n/8) by Lemma 3.1 and continuous there as in the proof of Lemma
4.4. Consequently, lim,, .o fD(y) pe(x, W)RIpY "2 (w)m(dw) = limy,_o(uY"2, RIfF¥) = RIfE(y).
Accordingly

limsup [(@"™, RIp¥"?) — RIf(y)| < 4e (7.10)
r1,r210
for any t < tp and any x,y € B(S — 1) with |[x —y| > 7.

Thus, to verify (7.5), it suffices to show that lim; o RIf¥(y) = lim;—0 P(1p(y) - 79(-,¥)) (%) =
rd(x,y) for m x m-a.e. (x,y) € B(S—1) x B(S—1)Nn{|x —y| > n}. Foranyy e B(S—1), let
Ei(y) ={x:19(x,y) < oo}. As C\ E;(y) is polar and

P} (1p)r?(y)(x) < Pi(Lpe)r?(-¥))(x) < €' P/ (Lpw)r?(y))(x),

it is enough to show that limy o P/(1p(y) - 79(,y))(x) = r9(x,y) for any x € D(y) N Ei(y).
Since r9(-,y) is MY-excessive and 1py(X¢)r9(Xy,y) is right continuous at ¢ = 0 a.s.Px for x €
D(y) N Eq(y), we have

r(x,y)An = %i_{%Ei [1D(y)(Xt)rg(XtaY) A n] < %Ei [1D(y) (Xt)rg(Xtv}’)]
%

< T EL [Lng)(X)r(Xe,y)] < limBS [19(X,,y)] = r9(x,y), n> 1.
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By letting n — oo, we arrive at (7.5).
We shall next show that, for the kernels r*(x,y) and 7~ (x,y) appearing in the proof of Propo-
sition 4.7 (i),

lim (07, RS pv2) = 1 (x,y), (7.11)
71,720
for m x m-a.e. (x,y) € B(S —1) x B(S — 1). Here we let R&) p(x) = [.r®)(x,2)u(dz), x € C.

Consider the function on C defined by £Y"(z) = 1p(z)R™) (1pRI Y 7"2)( ), z € C. Since RIuY""2(z)
is bounded in z € F and 75 by Lemma 4.6 (i) and R(*) is a bounded linear operator on L>®(F;mp),
there exists a constant M > 0 such that for any z € C, rq € (0,7/8),

&) < M. E () = [ r1(aw)@ ™ (whm(dw) = He(RY™)(@) < M. (112)

In view of definition, we have the identity R(*)¥"2 = RIEY™ . Accordingly, as in the previous
proof of (7.5), we can decompose (u*", R(F)u¥2) as

t
(or, R ) = /0< XL PIEY ) ds + (T P Loy p(s—1/2) - RIEY)

+{(" (PP — P)(1p(s-1/2)RIEL™)) + (0", Pi(1p(s-1/2)RIE0™)).

For any £ > 0, we can take t; such that the first term of the righthand side is less than ¢ for any
€ (0,t1) as (7.6) because of dist(F, B(x,71)) > 1/2 and the bound (7.12). Because also of the
bound (7.12), we can take t; such that the second term is less than e for any t € (0,¢1) as (7.7).
Further, as (7.9), we may suppose that the third term is less than ¢ for all ¢t < ¢;.
Since sup{|p:(z, w) — pr(x,w)| : z € B(x,7m1),w € B(S—1/2)} - 0asr; — 0,
limy, o (™, Pr(1p(s-1/2)R9ET")) = Pi(1p(s-1/2)R7¢1") (x) uniformly in ry < 7/8. Put hif(w) =
1F(W)R(+)Rg(lB(S,l/z)pt(-,x))(w). Since hy vanishes outside of F', we can see as before that
RIKF(w) is continuous on B(S — 1) and consequently
lim By (Lp(s—1/2)RIEC™)(x) = lim (%72, RIRT) = RIRE(y).
ro—0

ro—0

Therefore, as (7.10), limsup,, ,, o |(ur, R ¥y 2y — RINX(y)| < 3¢ for any t < t.

As RIR¥(y) = R (1ps-1/9p:(x)(y) = Pi(lps-1/2) - 77, ¥))(x), and rH (-, y) is M-
excessive and finite g.e., we obtain similarly to the above proof of (7.5), that lim; .o RIh¥(y) =
rH(x,y) for q.e.x € B(S — 1) for each y € B(S — 1), and consequently, the validity of (7.11) for
R™) and #(F). In the same way (7.11) for R(=) and r(7) is valid.

It remains to prove

m (257, Qu¥"™) = q(x,y), (7.13)

r1,7240
for m x m-a.e. (x y) € B(S 1) x B(S —1). Here ¢(x,y) is the first term of the righthand side
of (7.4) and Qu(x) = [~ q(x,2z)u(z), z € C. But this can be shown in exactly the same way as the

proof of (7.11) usmg 1p(z)R9pY"2(z) in place of £ (z).

7.2 Proof of Proposition 5.4

Assume that (a;j(x)) is a family of C' functions on C with Hélder continuous derivative satisfying
(1.3). Let bi(x) = Z?,j:l Ja;j(x)/0x; and L be the infinitesimal generator corresponding to the

form a:
2

0 ou &
Lu(x) = ) o1 (az‘j(X)aw) = Z &plaxj Zb

1,j=1 i,j=1
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Let us fix an open disk G containing B(S + 1). A function I'(x,y) is said to be a fundamental
solution of L on G if it satisfies —LT'(x,y) = 6(x — y) weakly, that is, for all u € C(G),

/ Z 8% ara(i;wdx =uly), VyedG. (7.14)
i,j=1
For any fixed y € G, let Lou(x) = E?,j:l aij(y) g2t T, 8x . Then TI'y(x,y) defined by (5.19) is a
fundamental solution of Ly on G. We shall briefly describe a construction of a fundamental solution
of L from the parametrix I'g(x,y) as is stated in [Fr, §5.6] under the condition that the coefficients
of L are Holder continuous.

Since a;; € C}(G), the function ko(x,y) = (L — Lo)T'o(x,y) satisfies, for some constant K > 0,

lko(x,y)| < Ki/|x —y|, Vx,y € G. Define k(()n)(x,y) by k(()l)(x,y) = ko(x,y) and k(()n)(x,y) =
I ko(x,z)k:(()nfl)(z,y)dz. Then |l<:(()2)(x,y)| < Kylog(1/|x—y|)+ K3 and |l<:(()3)(x,y)| < K, for some
constants Ky, K3 and Ky. Put K[()n)f(x) =/ k(()n) (x,y)f(y)dy.

A fundamental solution I'(x,y) of L on G can be constructed by

I(x,y) =To(x,y) + /G Lo(x,z)P(z,y)dz + Z a;(x)5i(y) (7.15)

for suitable continuous functions ®(x,y), ;(x) and §;(y). In order to make I' to satisfy —LI'(x,y) =
d(x —y), P(x,y) needs to be a solution of the following Fredholm integral equation.

O(x,y) = ko(x,y) + /Gko(x,z)Cb(z y)dz + ZLO‘Z )Bi(y)- (7.16)

Note that k(()n) (x,y) is continuous on G for any n > 3. Let us take a continuous function
90e,y) = k(e y) + k5 Gey) + kY 0 y) + DK + K 4 K (L) ()il

Here o;; = fB; = 0 for all i if A = 1 is not an eigenvalue of the dual operator (Kg)®) on Cy(G) of
K(()3) defined by (K3)® f(x) = [(k5)®) (x,y)f(y)dy with ki(x,y) = ko(y,x), while, if A = 1 is an
eigenvalue, then o, 8; are chosen to satisty (g(-,y), ;) = 0 for all eigenfunctions {v;} corresponding
to the eigenvalue A\ = 1 of (Kg)®). Then the Fredholm equation w(x,y) = Kég)w(x,y) +9(x,y)
has a unique continuous solution w(x,y) for any y € G. Using this solution, the unique solution of
(7.16) is given by ®(x,y) = ko(x,y) + k:[()Q) (x,y) + k(()g) (x,y) + w(x,y). We notice that, according
to the construction of I from T'y by (7.15),

I'(y,z) — T'o(y,z) is bounded in (y,z) € G x G. (7.17)

We now proceed to a proof of (4.19) with k = A/A. For x € B(S — 1) and 0 < 5r < ¢ < 1/3,
let ;™" be the equilibrium measure for B(x,r) relative to the admissible set F' = B(S + 1) \ B(S)
for the Dirichlet form a on H'(C). We first show that the logarithmic potential

1
ly — 2

1
Up*"(y) = - /log w*"(dz), y € C,

of 1®" has the properties

(", U™y < oo and Up™" € L3 .(C). (7.18)
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Since p*" is a measure of 0-order finite energy for the perturbed form a9 of a by g = 1p, so it

is for the perturbed Dirichlet integral (1/2)D(u,u) + (u,u),.
Denote by M the planar Brownian motion. RY (x,y) and RC\F (x,y) denote the 0-order resolvent
density of the subproces of M by exp|[— fg Ir(Xs)ds| and that of the part of M on the set C\ F,

respectively. Then R(C\F(x,y) < Rg(x,y) so that
(5 ROV 5Ty < (1257 B9 < oo, and BOVF*7 € HY(C\ F) € BL(C) € L3,(C).
According to the fundamental identity of the logarithmic potential (cf. [F2, (2.13)]),
U (y) = ROV " (y) + HeUp" (y) = We(y), y €C,
which readily implies (7.18).
Define T'p*"(y) = [[(y,z)u*"(dz), y € C. Top*" is defined similarly. Since I'o(x,y) is
bounded by Ks5log(1/|x — y|) + Kg for some constants K5 and Kg, we have I'gu®" € L2 (C) by

loc
(7.18). By (7.17), this also holds for I" in place of T'y.
Put A=l(y) = (a¥(y)). Since the weak derivative VI ou*" is given by

1 AN (y)(w —y)

Vo) = | (@t A T2 w — y) A (y)w )" ()
we get
X,r 1 — X7 (g
/G|VF0,M (w)lPdw < K?///|w_y| g ) ()
<

1 X, X,
Ks//log v’ (dy)p™"(dz) + K.

which is finite by (7.18). Consequently I'g*" € BL(G). By (7.15), I'/*" also belongs to the space
BL(G). Since the disk G is an extendable domain for BL-functions ([J]), there exists ¥ € BL(C)
such that \I"G =Tp*r.

In what follows, we let T'= S — 1/4. By virtue of Lemma 3.8, it holds that

E'ux,r B H(C\B(T)E,uxm _ RB(T)’ux,’r q.e.
Further, if we let 7, g(r) = {u € BL(C) : u =0 q.e. on C\ B(T)}, then
RBM) xr ¢ Fe B(T), and a(RBM) 27 v) = (u®7,7), Yo € Fe.B(T)-
Define \I’B(T) (y) = \Il(y)—HC\B(T)\I/(y), y € C. AsV¥ ¢ BL(C), \I’B(T) S ]:e,B(T) and H(C\B(T)\I’
is a-harmonic on B(T'), namely, a(He\g(m)¥,v) = 0, Yv € F, p(r). Since ¥ equals I'u*" on G and

I' is a fundamental solution of L on G, we have a(¥ (), v) = (™", v), Vv € F, giry N Ce(B(T)).
Therefore a(RBT) y*r — ¥ B(T)> RBM) yxr _ B(r)) = 0, which in turn implies

Ry (y) = T (y) = Hopery R (y) — Hopry) i (v), for ace.y € B(T) \ B(x,r),  (7.19)

where Eux”" is a version of Ry®" introduced in Lemma 4.4.

By Lemma 4.6,
sup sup | Hopr Rt (y)] € sup sup Ry (z)] = £y < o0,
yE€B(T) xeB(5—1),0<r<1/8 z€0B(T) x€B(5—1),0<r<1/8
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By (7.15), I'(y, z) is jointly continuous on G x G off the diagonal set, and consequently

sup sup |Hop(r)L'" (y)| < sup T(y,z)| =: £ < oco.
yEB(T) x€B(S—1), 0<r<1/8 y€OB(T), zeB(S—1/2)

Therefore, it follows from (7.19) and Lemma 4.4 that

sup sup |Rp*" (y) — T (y)| < 41 + fs < oo.
x€B(S—1), 0<r<1/8 yeB(T)\B(x,r)

By taking (7.17) into account, it holds further that I'y*"(y) — Iop™" (y) is bounded uniformly in
xe€B(S—1)and 0<r<1/2.
Hence, there exists a constant Ko such that, for x € B(S — 1) and 0 < 4r <t < 1/2,

max {Eux’r(y) 'y € 8B(x,t)} <max {Lop™"(y) : y € 0B(x,t)} + Ky

A A
< —max / log S (dz) 1y € 0B(x,t) ¢ + Ko.
™ B(x,r) |y - Z‘

Since (3/4)t < |y —z| < (5/4)t for any y € 0B(x,t) and z € 0B(x,r), the last expression in the
above display is dominated by

™

A 25A r )

IN

E.
=)
—

)\/ A \
T log ——— " (dz) : y € 0B(x,t) p + —(log(25A/9) — log \) +
B(x,r) g|y z|? (dz) ( )} 7r( g( /9) gA) + Ky

IN

min{Top™" (y) : y € 0B(x,t)} + Ko

INA
>l >

min{ Ri*"(y) : y € 9B(x,t)} + Ko + K1

for K19 = Ko+ (A/7)(log(25A/9) —log A). Therefore (4.19) holds for k = A/\ and Cy = K9+ K.
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